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PREFACE. 



HAvma understood that my " Treatise on Algebra,** 
which. was designed primarily for the use of colleges, 
has been introduced into many academies and high 
schools, and employed in the instruction of classes 
younger than those for whom it was originally pre- 
pared, I have thought that a more elementary work, 
expressly designed for begiimers, might be favorably 
received. The present volume was intended for the 
use of students who have just completed' the study of 
Arithmetic ; and it is believed that any person, how- 
ever young, who has acquired a tolerably thorough 
knowledge of the principles of that science, may pro- 
i^eed at once to this volume with pleasure and profit. 
I have endeavored to render the transition from Arith- 
metic to Algebra both easy and natural. This I have 
done by applying the algebraic symbols to problems 
so simple that they might be readily solved by the 
principles of Arithmetic alone. Having conducted the 
student through a considerable series of simple prob- 
lems, I proceed, by easy steps, to develop some of 
them in a more general form. The student is thus 
led to represent known as well as isnknown quantities 
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* 

by letters of the alphabet, and perceives the necessity 
of establishing rules for performing the various opera- 
tions of addition, subtraction, multiplication, and di- 
vision upon quantities thus represented. It is believed 
that the beginner will study these* abstract principles 
with more satisfaction, than, if he had been allowed 
no previous exercise on problems which indicate their 
importance. 

I have omitted from this volume all such topics as 
it was supposed would occasion *any serious embar- 
rassment to the young learner, and which were not 
essential to the clear comprehension of the topics act- 
ually introduced. It is hoped that the book will be 
found sufficiently clear and simple to be adapted to 
the wants of a large class of students in our common 
schools. 

The study of Algebra may properly be commenced 
at an early stage of education. As soon as the mind 
has acquired some degree of maturity, and has be- 
come familiar with the principles of common Arithme- 
tic, it is prepared to understand the elementery prin- 
ciples of Algebra. This study is admirably adapted 
to strengthen the reasoning faculties, to lead the mind 
to rely upon its own resources, and to cultivate those 
habits of independent thinking which are alike im- 
portant to the scholar and to the man of business. 
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by letters of the alphabet, and perceives the necessity 
of establishing rules for performing the various opera- 
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ELEMENTS OF ALGEBRA. 



SECTION I. 

PRELIMINARY DEFINITIONS AND FIRST PRINCIPLES. 

{Article 1.) Arithmetic is the art or science of num- 
beriiig. It treats of the nature and properties of num« 
bers, but it is limited to certain methods of calculation 
which occnr in common practice. 

(2.) Algebra is a branch of mathematics which en- 
ables us to abridge and generalize the reasoning em- 
ployed in the solution of all questions relating to num- 
bers. It has been called by Newton Universal Arith' 
metic. 

(3.) One advantage which Algebra has over Arith- 
metic arises from the introduction of symbols, by which 
the operations to be performed are readily indicated to 
Qie eye. 

(4.) The following are some of the more common 
symbols employed in AlgebrA. 

The sign + (an erect cross) is named plus^ and is 
employed to denote the addition of two or more num- 
bers. Thus, 5+3 signifies that we must add 3 to the 
number 5, in which case the result is 8. In the same 
maimer, 5+7 is equal to 12 ; 11+8 is equal to 19, etc. 

QuBSTiONS.— What iB Arithmetic? What is Algebra? Whatadvant- 
•ge haa Algebra over Arithmetic 7 What does the sign plaB denote ? 
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We also make use of the same sign to comiect sev 
eral numbers together. Thus 7+5+3 signifies that 
to the number 7 we must add 5 and also 3, whioh 
make 15, 

So, also, the sum of 6+5+11+9+2+8 is* equal to 
41. 

(5.) The sign— (a horizontal line) is called minuSy 
and indicates that one quantity is to be subtracted from 
another. Thus, 7—4 signifies that the number 4 is to 
be taken from the number 7, which leaves a remain- 
der of 3. In like manner, 11— 6 is equal to 5, and 
16— 10 is equal to 6, etc. 

Sometimes we may have several numbers to sub- 
tract from a single one. Thus, 16—5—4 signifies that 
5 is to be subtracted from 16, and this remainder is to 
be further diminished by 4, leaving 7 for the result. 
In the same manner, 30— 8— 6— 2— 5 is equal to 9. 

(6.) The sign X (an inclined cross) is employed to 
denote the multiplication of two or more numbers. 
Thus, 6x3 signifies that 5 is to be multiplied by 3, 
making 15. 

(7.) The character -r- (a horizontal line with a point 
above and another below it) shows that the quantity 
which precedes it is to be divided by that which fol- 
lows. 

Thus, 24+6 signifies that 24 is to be divided Jby 6, 
makmg four. 

Grenerally, however, the division of two numbers is 
indicated by writing the dividend above the divisor 
and drawing a line between them. 

Quest. — What does the sign minns indicate 7 What is the sign of 
multiolication ? How may divisioiL be denoted f 
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24 
Thus, instead of 24-7-6, we usually write -^. 

(8.) The sign = (two horizontal li les), when placed 
between two quantities, denotes that they are equal to 
each other. 

Thus, 7.+ 6 =13 signifies that the sum of 7 and 6 is 
equal to 13. So, also, $1=100 cents, is read one dol- 
lar equals one hundred cents ; 3 shillings=36 pencci 
is read three shillings are equal to thirty-six pence. 

(9.) The following examples will afford an exercise 

upon the preceding symbols. 

12 
Example 1. 5x8+12-4=6x9—^-2. 

o 

This may be read as follows : The product of 6 by 
8, increased by 12 and diminished by 4, is equal to 6 
times 9, diminished by one tlird of 12, and again di- 
minished by 2. 

To find the value of each side of this equation, we 
multiply 5 by 8, which gives 40 ; adding 12 to this 
product, we obtain 52, and, subtracting 4, we have 48. 
Again, the product of 6 by 9 is 54, which, diminished, 
by one third of 12, leaves 50, and, subtracting 2 firom 
this result, we have 48, as before. 

Verify the following examples in the same manner : 

Ex. 2. 7x9-5+14=8x6+20+^. 

OQ 

Ex. 3. 12+^^3=-42-~17-9. 

4 

Ex. 4. 3+25-7=^-5+19. 

6 

QvxfT. — ^Whatis the sign of equality f 
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(10.) When a proUem is proposed for solution, it is 
generally required to find one or more quantities which 
are unknown. It is oonvenient to have signs to rep- 
resent these unknown quantities, so that all the opera- 
tions which are required to be performed may be pre- 
sented at once in a single view. 

The signs generally employed to represent these un- 
known quantities are some of the last -letters of the 
alphabet ; as, x, y^ z, etc. 

These principles will be best understood after at- 
tending to a few practical examples. 

Problem 1. A boy bought an apple and an orange 
for 6 cents ; for the orange he gave twice as much as 
for the apple. How much did he give for each ? 

Let X represent the number of cents he gave for the 

apple, then 2x will represent the number of cents he 

gave for the orange. Now these, added together, must 

make the sum given for both, which was 6 cents ; that is, 

rc+2a;=6. 

But twice a;, added to once Xy makes three times x ; 
ihat is, 3x=6; 

3Uid if three times x is equal to 6, once x must ba 
equal to 2 ; that is, 

Therefore the apple ^ost 2 cents, and the orange 4 
oents; the sum of whi^h is 6 cents, according to the 
conditions of the problem. 

Froh. 2. A man having a horse and cow, was. asked 
what was the value of each. He answered that the 
horse was worth three times as much as the cow, and 

Qu«ST. — How are unknown quantities represented t 
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together they were worth 60 dollars. What was llie 
Yidne of each ? 

Let X represent the number of dollars equal to the 
value of the cow, then Zx will represent the value of 
the horse. These, added together, must make 60, ao- 
oording to the conditions of the problem ; that is, 
a;+3a;=60. 

But three times Xj added to once Xy makes four 
tunes x; that is, 

4a;=60 ; 
and if four times x is equal* to 60, once x must be 
equal to 15 ; that is, 

a;=-r= 15. 
4 

Therefore the cow was worth 15 dollars, and the. 
horse, being worth three times as much as the cow, 
amounted to 45 dollars. The sum of 15 and 45 is 60, 
according to the conditions of the problem. 

Prob, 3. Said Charles to Thomas, my purse and 
money together are worth 10 dollars, but the money 
is worth four times as much as the purse. How much 
money was there in the purse, and what was the value 
of the purse ? 

Let X represent the value of the purse. 

Then Ax will represent the value of the money it 
contained. Then, by the problem, we must have 

a;+4x=10, 
or, 5x=10 

Hence, aj=-^=2. 

Therefore the purse was worth 2 dollars, and the 
money 8 dollars, the sum of which is 10 dollars. 
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Prob. 4. Two men, A and B, trade in company. B 
puts in five times as much money as A. They gain 
660 dollars. What is each man's share of the gain? 

Let X represent A's share. 

Then 5x will represent B's share. 

Hence, x+5a;=660, 

or, 6a;=660. 

660 ,,^ 
Hence, . a;=-^, or 110. 

Therefore A's share is 110 dollars, and B's share is 
650 dollars, the sum of which is 660 dollars. 

Prob. 5. A gentleman, meeting two poor persons, 
divided 21 shillings "between them, giving to the sec- 
ond six times as much as to the first. How much did 
he give to each ? 

Let a;= the shillings he gave to the first. 

Then 6x= the shillings he gave to the second. 

Therefore, a;+6r2;=21, 
cr, 7a;=21. 

Hence, 3)=—, or 3. 

Therefore he gave 3 shillings to the first and 18 
shillings to the second, the sum of which is 21 shil- 
lings. 

Prob. 6. A gentleman hequeaihed 144 pounds to two 
servants upon condition that one should receive seven 
times as much as the other. How much did each re- 
ceive ? 

Let x= the smallest share. 

Then 7a; = the share of the other. 

Therefore, a; + 7a; =144, 

or, 8a;=144. 



PBOBLEMS. 19 

144 

Hence, aj=-5-, or 18. 

o 

Therefore one received 18 pounds, and the other 
126, the sum of which is 144 pounds. 

Prob. 7. A draper bought two pieces of cloth, which 
together measured 171 yards. The second piece con- 
tained eight times as many yards as the first. What 
was the length of each ? 

Let a;= the number of yards in the first piece. 

Then 8a;= the number of yards in the second piece. 

Therefore, a;+8x=171, 
or, 9a;=171. 

171 

Hence, ^~"q"> ^^ 1^* 

Therefore the length of the first piece was 19 yards, 
and that of the second was 152 yards, the sum of which 
is 171 yards. 

Prob. 8. A man being asked the price of his horse, 
answered that his horse and saddle together were 
worth 90 dollars, but the horse was worth nine times 
as much as the saddle. What was each worth ? 

Let a;= the price of the saddle. 

Then 9x= the price of the horse. 

Therefore, a;+9r2;=90, 

or, 10a;=90. 

rr ' 90 ^ 

Hence, ^^T?V ^' ^' 

Therefore the saddle was worth 9 dollars, and the 
horse was worth 81 dollars, the sum of which is 90 
dollars • 

Prob. 9. A cask which held 143 gallons was filled 
with a mixture of brandy and water, and there was 
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ten times as much brandy as water. How muoh was 
there of each ? 

Let x== the gallons of water. 

Then 10x= the gallons of brandy. 

Therefore, a;+loi=143, 
or, llx=143. 

143 
Hence, ^^"iT' ^' ^^' 

Therefore there were 13 gallons of water and 130 
gallons of brandy, the sum of which is 143 gallons. 

(11.) The pupil will observe that when a problem 
is proposed for solution, the first thing to be done is to 
find an expression which shall contain the unknown 
quantity, and which shall be equal to a given quanti- 
ty. Then, firom this expression, by arithmetical opera, 
tions, we deduce the value of the unknown quantity. 

This expression of equality between two quantities 
is called an equation. Thus, a;+ 102;= 143, is an equa- 
tion. 

The quantity or quantities on the left side of the 
sign of equality are called the first member of the 
equation ; those on the right, the second member of 
the equation. 

Thus, a;+10x is the first member of the above equa- 
tion, and 143 is the second member. 

(12.) Quantities connected by the signs + and — 
are called terms. Thus, z and IO2; are terms in the 
above equation. 

A number written before a letter, showing how many 

Quest. — ^What is the coarse parsued in solving a problem ? What 
is an eqaation 7 What are the members of an equation 7 Wha are 
term? 
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times the letter is to be taken, is called the coeffieietU 
of that letter. Thus, in the quantity lOx, lOy is the 
ooefficient of x. 

(1.3.) The solution of a problem, by Algebnti oon- 
dsts of two distinct parts : 

1. To express the conditions of the problem alge- 
braically ; that is, to form the equation. 

2. To find the value of the unknown quantity after 
the equation is formed ; that is, to reduce the equation. 

(14.) It is impossible to give a general rule which 
will enable us to translate every problem into alge- 
braic language. This must be learned by practice. 
But rules may be given for reducing the equation after 
it is formed. 

After the preceding problems were reduced to equa^ 
tions, the first step was to reduce all the terms con^ 
toining the imknown quantity^ to a single term^ which 
was done by adding the coefficients. The second step 
was to divide each member of the equation by the co- 
efficient of the unknown quantity. 

In a sknilar manner may the following equations 
be solved. 

Prob. 10. A gentleman, having 36 shillings to divide 
between a man and a boy, wishes to give to the man 
twice as much as to the boy. How much must he 
give to each. 

Ans. 12 shillings to the boy, 
and 24 shillings to the man. 

(15.) Allexamplesof this kind admit of proof. The 
results aje proved to be coireot when they fulfill all 

Quest.— What \a a coefficient 7 How is an algebraic problem tolv- 
od f How is an equation redaced ? 
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the conditions of the problem. In the preceding prob- 
lem there are two conditions ; first, that the boy and 
man together receive 36 shillings; second, that the 
man receives twice as much as the boy. The num- 
bers 12 and 24 fulfill both of these conditions. All 
the results in the following problems should be veri- 
fied in a similar manner. 

Prob. 11. A man having a horse and cow, was ask- 
ed what was the value of each. He answered that the 
horse was worth three times as much as the cow, and 
together they were worth 72 dollars. What was the 
value of each? Ans, The cow was worth 18 dollars, 
and the horse 54 dollars. 

Prob. 12. Said Thomas to Charles, my purse and 
money together are worth 15 dollars, but the money 
is worth four times as much as the purse. How much 
money was there in the purse, and what was the value 
of the purse ? 

Ans. The purse was worth 3 dollars, 
and the money was worth 12 dollars. 
Prob. 13. Two men, A and B, trade in company ; 
but B puts in five times as much money as A. They 
gain 900 dollars. What is each man's share of the 
gain ? Ans. A's share is 150 dollars, 

and B's share is 750 dollars. 
Prob. 14. A gentleman, meeting two poor ^persons, 
divided 28 shillings between them, giving to the sec- 
ond six times as much as to the first. How much did 
he give to each ? 

Ans. He gave 4 shillings to the first, 
and 24 shillings to the second. 
Quest. — How may the anBwen obtaiaed be verified % 
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Prob. 15. A gentleman bequeathed 200 dollars to 
two ^servants upon condition that one should receive 
seven times as much as the other. How much did 
each receive ? Ans. One received 25 dollars, 

and the other 175 dollars. 
Prob. 16. A draper bought two pieces of cloth, 
which together measured 144 yards. The second 
piece contained eight times as many yards as the first. 
"What was the length of each ? 

Ans. The first piece contained 16 yards, 
and the second 128 yards. 

Prob, 17. A man being asked the price of his horse, 
answered that his horse and saddle together were 
worth 120 dollars, but the horse was worth nine times 
as much as the saddle. What was each worth ? 

Ans. The saddle was worth 12 dollars, 
and the horse 108 dollairs. 

Prob. 18. A cask which held 132 gallons was filled 
with a mixture of brandy and water, and there was 
ten times as much brandy as water. How much was 
there of each ? 

Ans. There were 12 gallons of water, 
and 120 gallons of brandy. 

The following problems are similar to the preceding, 
except that an additional term is introduced. 

Prob. 19. A gentleman, meetmg three poor persons, 
divided 72 cents among them ; to the second he gave 
twice, and to the third three times as much as to the 
first. What did he give to each? 
Let a;= the sum given to the first. 
Then 2x= the sum given to the second, 
and 3a;= the sum given to the third. 
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Then, by the conditioiis of the problem^ 
a?+2a;+3a;=72. 
That is, 6a;=72, 

or, x^i2j ihe sum given to the first. 

Therefore he gave 24 cents to the second, and 36 
cents to the third. 

The learner should verify this, and all the subse- 
quent results. 

Prob. 20. Three men. A, B, and C, found a purse 
of money containing 119 dollars, but not agreeing 
about the division of it, each took as much as he could 
get. A got a certain sum, B got twice as much as A, 
and C four times as much as A. How many dollars 
did each get? 

Let x= the number of dollars A got. 

Then 2x= the number of doUars B got, 
and 42;= the number C got. 

These^ added together, must make 119 dollars^ the 
whole sum to be divided. Hence, 
i+2a;+4a;=119. 

Uniting all the a;'s, 

7a;=119. 
Hence, re— 17== A's share ; 

2a;=34=B's share ; 
4a;=68=C's share. 

Prob. 21. Three men. A, B, and C, trade in -com- 
pany. A puts in a certain sum, B puts in three times 
as much as A, and C puts in five times as much as A. 
They gain 657 dollars. What is each man's share of 
file gain? 

Let a;= A's share. 
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Then 3x= B'^s sharoi 
and 5x= C's share. 

Hence, x+Sx+5z=6S7y 

or, 9a;=657. 

Henoe, x= 73 dollars = A's share ; 

3a;=219 dollars = B's share ; 
5a;=365 dollars = C's share. 

Prob. 22. A gentleman left 15,000 dollars to be di- 
vided between his widow, his son, and daughter. Ho 
directed that his son should receive three times as 
much as his daughter, and his widow six times as 
much as his daughter. Required the share of each. 

Let X represent the share of his daughter. 

Then 3^; will represent the share of his son, 
and 6x will represent the share of his widow. 

Hence, x+3a;+6a;= 15,000, 

or, 10x=15,000. 

Hence, a;=1500 dollars = the daughter's share ; 

3x=4500 dollars = the son's share ; 
and 6a;=9000 dollars = the widow's share. 

Prob. 23. A farmer bought some oxen, some cows, 
and some sheep. The number of them all together 
was 48. There were three times as many cows as 
oxen, and four times as many sheep as oxen. How 
many were there of each sort ? 

Let X denote the number of oxen. 

Then 3x will denote the number of cows, 
and 4a; will denote the number of sheep. 

Hence, a;+3a;+4a;=48, 

or, 8a;=48. 

B 
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Henoe, 2;=-* 6, the number of oxen ; 

3a;=18, the number of cows ; 

and 4a;=24, the number of. sheep. 

Prob 24. A boy bought some oranges, some lem- 
ons, and some pears. The number of them all togeth^ 
er was 132. There were four times as many lemon* 
as oranges, and six tunes as many pears as oranges 
How many were there of each ? 

Let x= the number of oranges. 

Then 4r= the number of lemons, 
and 6a;= the number of pears. 

Hence, a;+4x+6a;=132, 

ox, lla;=132. 

Hence, 2;= 12, the number of oranges ; 

4a;=48, the number of lemons ; 
and 6x=72^ the number of pears. • 

Prob. 25. Three persons are to share 364 doUars in 
the following manner. The second is to have five 
limes as much as the first, and the third seven tunes 
as much as the first. What is the share of each '^ 

Let 0;= the share of the first. 

Then 5a;= the share of the second, 
and 7a;= the share of the third. 
Therefore, a;+5r2;+7a;=364, 

or, 13a;=364. 

Hence, a;= 28, the share of the first ; 

^=140, the share of the second ; 
7a;=196, the share of the third. 

Prob, 26. A draper bought three pieces of cloth, 
which together measured 90 yards. The second piece 
was six times as long as the first, and the third was 
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eight times as long as the first. What was the lengUi 
of each ? 

Let x= the length of the first piece. 

Then 6x= the length of the second piece, 
and 8x= the length of the third piece. 
Therefore, a;+6a;+&c=90, 

or, 15a;=90. 

Hence, x= 6 yards, the length of the first piece ; 

6x=36 yards, the length of the second piece ; 
and 8a;=48 yards, the length of the third piece. ' 

Prob. 27. A cask, which held 135 gallons, was filled 
with a mixture of brandy, wine, and water. It con- 
tained five times as much wine as water, and nine 
times as much brandy as water. What quantity was 
there of each ? 

Let x= the number of gallons of water. 

Then 5x= the number of gallons of wine, 
and 9x= the number of gallons of brandy. 
Therefore, a;+5a;+9ic=135, 

or, 15a;=135. 

Hence, x= 9, the gallons of water ; 

5x=45, the wine ; 
and " 9x=81, the brandy. 

Prob. 38. A gentleman, meeting three poor persons, 
divided 90 cents among them ; to the second he gave 
twice, and to the third three times as much as to the 
first. What did he give to each ? 

Ans. He gave 15 cents to the first, 

30 cents to the second, 
45 cents to the third. 

Prob. 29. Three men. A, B, and C, found a purse 
of money containing 175 dollars, but not agreeing 
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• 

about the division of it, eajoh took as much as he ooold 
get A got a certain sumi B got twice as much as A, 
and C four times as much as A. How many dollars 
did each get? Ans. A got 25 dollars, 

B got 50 dollars, 
G got 100 dollars. 
Prob. 30. Three men, A, B, and C, trade in com- 
pany. A puts in a certain sum, B puts in three times 
as much as A, and C puts in five times as much as A. 
They gain 765 dollars. What is each man's share of 
the gain? 

Ans, A's share is 85 dollars ; 
B's share is 255 dollars ; 
C's share is 425 dollars. 
Prob. 31. A gentleman left 24,000 dollars to be di- 
▼ided between his widow, his son, and his daughter. 
He directed that his son should receive three times as 
much as his daughter, and his widow six times as 
much as his daughter. Required the share of each. 
Ans. The daughter's share was 2,400 dollars ; 
the son's share was 7,200 dollars ; 

the widow's share was 14,400 dollars. 
Prob. 32. A farmer bought some oxen, some cows, 
and some sheep. The number of them all together 
was 64. There were three times as many cows as 
oxen, and four times as many sheep as oxen. How 
many were there of each sort ? 

Ans. There were 8 oxen, 
24 cows, 
32 sheep. 
Prob. 33. A boy bought some oranges, some lem- 
ons, and some pears. The number of them all togetii- 
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er -was 165. There were four times as many lemons 
as oranges, and six times as many pears oa oianges. 
How many were there of each ? 

Ans. There were 15 oranges, 
60 lemonsy 
90 pears. 
Prob. 34. Three persons are to share 598 dollars in 
the following manner. The second is to have five 
times as mtich as the first, and the third seven times 
as much as the first. What is the share of each ? 
Ans. The share of the first is 46 dollars ; 
the second is 230 dollars ; 
the third is 322 dollars. 
Prob. 35. A draper bought three pieces of cloth, 
which together measured 105 yards. The second 
piece was six times as long as the first, and the third 
was eight times as long as the first. What was the 
length of each ? 

Ans. There were 7 yards of the first piece, 

42 yards of the second piece, 
56 yards of the third piece. 
Prob. 36. A cask which held 120 gallons was filled 
with a mixture of brandy, wine, and water. It con- 
tained five times as much wine as water, and nine 
times as much brandy as water. What quantity was 
there of each? 

Ans. There were 8 gallons of water, 
40 gallons of wine, 
72 gallons of brandy. 
The following problems are similar to the preceding, 
except that a new term has been introduced. It is 
recommended to the pupil that he should endeavor to 
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solve these problems unaided, before reading the solu- 
tions here given ; and after he has suooeeded, let him 
oompare his solution with that of the book. 

Prob. 37. The number of days that four workmen 
were employed were severally as the numbers 1, 2, 3, 
4 ; and the number of days^ work performed by them 
all was 170. How many days was each workman 
employed ? 

Let z represent the number of days the first was 
employed. 

Then 2x will represent the days the second was em- 
ployed, 

3a; the third, 

and 4x the fourth. 

Then, by the oonditions of the problem, 
a;+2a;+3a;+4a;=170; 
that is, 10a;=170, 

or, ' a;=17 days the first was employed ; 
2a;=34, the second ; 
3a;=51, the third ; 
4a;=68, the fourth. 

The sum of all the numbers is 170. 

Prob. 38. The estate of a bankrupt, valued at 14,400 
dollars, is to be divided among four creditors according 
to their respective claims. The debts due to B are 
double those due to A ; those due to C are four times 
those due to A ; and those due to D are five times those 
due to A. What sum must each receive ? 

Let x= the sum A receives ; 

then 2x= the sum B receives ; 

4a;= the sum C receives ; 

5rc= the sum D receives. 
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Therefore, x+2x+4x+5x=^Uj4O0 ; 
that is, 12a;=14,400, 

or, x= 1200, 

from which the shares of the other three are easily ob- 
tained. 

Prob. 39. A draper has four pieces of cloth whose 
united value is 224 dollars. The value of the second 
piece is dduhle that of the first; the value of the third 
is five times that of the first ; and the value of the 
fourth is six times that of the first. What is the value 
of each? 

Let X represent the value of the first ; 
then 2x will represent the value of the second, 

5x the third, 

6x the fourth. 

Hence, a;+2a;+5a;+6a;=224, 

that is, 14a;=224, 

or, x= 16) the value of the fir&t piece, 

from which the value of the other pieces is readily ob- 
tained. 

Prob. 40. A grocer has four casks, which together 
will contain 144 gallons. The capacity of the second 
is twice that of the first ; the capacity of the third is 
siK times that of the first ; and the capacity of the 
fourth is seven times that of the first. What is the 
capacity of each ? 

Let x= the capacity, of the fijrst cask ; 
then 2x= the capacity of the second, 

6x the third, 

and 7x the fourth. 
Therefore, x+2x+6x-{-7x=^14A: 

that is, 16a;=144, 
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OP, »= 9, 

2x=i etc. 
Prob. 41. Four persons purchsised a farm in com- 
pany for 4680 dollars, of which B paid three times as 
much as A, C paid four times as much as A, and D 
paid five times as much as A. What did each pay ? 
Let x= the sum A paid ; 

3n;= the sum B paid ; 
4x= the sum C paid ; 
5x= the sum D paid. 
Therefore, a;+3x+4a;+5rc=4680 ; 
that is, 13rc=4680, 

or, x= 360, 

3a;=, etc. 
Prob. 42. Four persons. A, B, C, and D, drew prizes 
in a lottery to the amount of 2250 dollars. B drew 
three times as much as A, C drew five times as much 
as A, and D drew six times as much as A. What 
did each person draw ? 

Let x= the sum A drew ; 

then 3x= the sum B drew ; 

5x= the sum C drew ; 
. 6x= the sum D drew. 
Therefore, a;+3a;+5a;+6a;=2260 ; 
that is, 15a;=2250, 

or, a;= 150, 

3x=y etc. 
Prob, 43. An estate of 5440 dollars is to he divided 
between four heirs, A, B, C, and D. B is to receive 
three times as much as A, C is to receive six times as 
much as A, and D is to receive seven times as much 
as A. How much did each receive ? 
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Let x= A's share : 

3x= B's share; 
6x= C's share ; 
lx= D's share. 
Therefore, a;+3a;+6a;+7x=5440 
that is, 17a;=5440, 

or, a;= 320, 

3a;=, etc. 
Prob. 44. A farmer has 144 fruit-tiees in his or* 
ohard, consisting of plum, cherry, peach, and apple- 
trees. The number of cherry-trees is four times the 
number of plum-trees ; the number of peach-trees is 
five times the number of plum-trees ; and the number 
of apple-trees is six times the number of plum-trees 
What is the number of each sort ? 

lict a;= the number of plum-trees ; 
4rr= the number of cherry-trees ; 
5«= the peach-trees ; 
6x= the apple-trees. 
Therefore, a;+4a;+5a;+6a;=144 ; 

that is) 16a;=144, 

or, a;— 9, 

4aj=, etc. 
Prob. 45. Four gentieihen entered into a specula- 
tion, for which they subscribed 5850 debars, of which 
B paid four times as much as A, C paid six times as 
much as A, and D paid seven times as much as A. 
What did each pay ? 

Let a;= the sum A paid ; 

4a;= the sum B paid ; 
6a;= the sum C paid ; 
7a:= the sum D paid. 
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Therefore, a?+4:i;+6a;+7a;=5850 ; 
that is, 18a;=5850, 

or, z= 325, 

4a;=, eto. 
Prob. 46. The number of days that four workmen 
were employed were severally as the numbers 1, 2, 3, 
and 4, and the number of days' work performed by 
them all was 250. How many days wsis eaoh work- 
man employed ? 

Ans. The first was employed 25 days, 
the second 50, 

the third 75, 

the fourth 100. 

Prob. 47. The estate of a bankrupt, valued at33,600 
dollars, is to be divided among four creditors according 
to their respective claims. The debts due to B are 
double those due to A ; those due to C are four times 
those due to A ; and those due to D are five times 
those due to A. What sum must each receive ? 

Ans. A receives 2,800 dollars ; 
B receives 5,600 dollars ; 
C receives 11,200 dollars ; 
D receives 14,000 dollars. 
Prob. 48. A draper has four pieces of cloth, whose 
united value is 168 dollars. The value of the second 
piece is double that of the first ; the value of the third 
is five times that of the first ; and the Value of the fourth 
is six times that of the first. What is the value of each ? 
Ans. The value of the first is 12 dollars ; 
the second is 24 dollars ; 
the third is 60 dollars ; 
the fourth is 72 dollars. 
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Prob. 49. A grooer has four casks, which together 
will contain 256 gallons. The capacity of the second 
is twice that of the first ; the capacity of the third is 
six times that of the first ; and the capacity of the 
fourth is seven times that of the first. What is the 
capacity of each ? 

Ans. The capacity of the first is 16 gallons ; 
the second is 82 gallons ; 
the third is 96 gallons ; 
the fourth is 112 gallons. 
Prob. 50. Four persons purchased a ferm in com- 
pany for 8840 dollars, of which B paid three times as 
much- as A, C paid four times as much as A, and D 
paid five times as much as A. What did each pay ? 

Ans. A paid 680 dollars ; 
B paid 2040 dollars ; 
C paid 2720 dollars ; 
D paid 3400 dollars. 
Prob. 51. Four persons, A, B, C, and D, drew prizes 
in a lottery to the amount of 4875 dollars. B drew 
three times as much as A, C drew five times as much 
as A, and D drew six times as much as A. What 
did each person draw ? 

Ans. A drew 325 dollars ; 
B drew 975 dollars ; 
C drew 1625 doUars.; 
D drew 1950 doUars. 
Prob. 52. An estate of 9775 dollars is to he divided 
between four heirs, A, B, C, and D. B is to receive 
three times as much as A, G is to receive six times 
as much as A, and D is to receive seven times as 
much as A. How much did each receive ? 
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Ans. A received 575 dollars; 
B received 1725 dollars ; 
C received 3450 dollars ; 
D received 4025 dollars. 
Prob. 53. A farmer has 192 fruit-trees in his or- 
chard, consisting of plum-trees, cherry-trees, peach- 
trees, and apple-trees. The number of cherry-trees is 
four times the number of plum-trees ; the number of 
peach-trees is five times the number of plum-trees ; 
and the number of apple-trees is six times the number 
of plum-trees. What is the number of each sort ? 
\ Ans. There are 12 plum-trees, 

48 cherry-trees, 
60 peach-trees, 
72 apple-trees. 
Prob. 54. Four gentleman entered into a specula- 
tion, for which they subscribed 9720 dollars, of which 
B paid four times as much as A, C paid six times as 
much as A, and D paid seven times as much as A. 
What did each pay ? 

Ans. A paid 540 dollars ; 
B paid 2160 dollars ; 
C paid 3240 dollars ; 
D paid 3780 dollars. 
(16.) The pupil can not fail to have remarked a 
striking similarity between many of the preceding 
problems. Thus, the first problem requires us to di- 
vide the number 6 into two parts, one of which is 
double the other. Problem 10th requires us to divide 
the nunfber 36 into two parts, one of which is double 
the other. It is evident that an infinite number of 

Quest. — In what doei Problem 1 differ from Problem 10 f 
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similar problems might be proposed, differing from eaoh 
other only in the number to be divided. We may dis- 
cover a general method of solving all these problems 
by representing the number to be divided by a letter, 
as a. We shall then have 

or, 3x=a, 

Hence, x=^. 

Thus, in Problem 1, x= one third of 6, which is 2 ; 
and in Prob. 10, x equals one third of 36, which is 12. 

Again, Prob. 2 requires us to divide the number 60 
into two parts, one of which is tituree times the otlier. 
Prob. 11 only differs from Prob. 2 in the number pro- 
posed to be divided. We caji discover a general meth- 
od of s(dving all problems of this kind by representing 
the number to be divided by a letter, as a. We shall 
then have 

x-\'3x=aj 

or, 4:X=a. 

a 
Hence, ^=t« 

4 

Thus, in Prob. 2, x is one fourth of 60, or 15 ; and 
m Prob. 11, X is one fourth of 72, or 18. 

Again, Prob 3 requires us to divide the number 10 
into two parts, one of which is four times as great as 
the other. Prob. 12 requires us to divide the number 
15 in a similar manner. We can solve all problems 

Quest. — ^In what does Problem 2 di£fer from Problem 11? In what 
do8B Problem 3 differ from Problem 12 7 
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of this kind in a general manner by representing the 
proposed number by a. We shall then have 

or, 5x=a. 

a 
Henoe, ^=^« 

A similar method is applicable to problems 4 and 
13, 5 and 14, «tc. 

There is also an analogy between Problems 1, 2, 3, 
etc. Prob. 1 requires us' to divide a number into two 
parts, one of which is double the other. Prob. 2 re- 
quires us to divide a number into two parts, one of 
which is three times the other. Prob. 3 requires us 
to divide a number into two parts, one of which is four 
times the other, etc. All such problems are included 
in the following more general problem : 

Prob. 55. It is required to divide a number a into 
two parts, one of which shall be m times as great as 
the other. 

This problem may be solved in the fDllowing man- 
ner : 

Let X represent one of the parts. 

Then m times re, which we will write mXy may rep- 
resent the other part. 

And, by the conditions, 

x-hnix=a. 

We now meet with a difficulty in finding the value 
of X, because the two terms x and mx can not be unit- 
ed in a single term, as was done in Art. 10. But, since 
x+mx is equal to x repeated 1+m times, we infer that 

« mn^ be equal to j|^, 
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And this is a general solution of the first eighteen of 
the preceding problems. 

(17.) It will be readily seen that Problems 19 and 
28 differ only in the number proposed to be divided; 
and if we represent the proposed number by a, we 
shall have a general solution of this class of problems. 
A similar remark i^ applicable to Problems 20 and 29, 
Problems 21 and 30, etc. 

There is also an analogy between Problems 19, 20, 
21, etc. In each of them it is required to divide a 
proposed number into three parts, such that the sec- 
ond and third shall be multiples of the first. All 
these problems axe included in the following general 
problem. 

Prob. 56. It is required to divide a number a into 
Oiree parts, the second of which shall be m times as 
great as the first, and the third n times as great as the 
first. 

This problem may be solved in the following manner : 

Let X represent the first part. 

Then mx will represent tiie second part, 
and nx will represent the third part. 

And, by the condiHons of the problem, 

x+mx+nx=a. 

We now encounter the same difficulty as in Prob. 
55, because the terms x, mxy and fix can not be united 
m a single term. Since, however, x-hmx+nx is equal 
to X repeated 1+m+n times, we infer that, 

a 
X must be equal to t-— — — , 

Qrx'sT. — In what doei Problem 19 reBc$mb1e Problem 28 T 
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and this is a general solution of all the prCiCeding prob- 
lems from 19 to 36. • 

(18.) We shall find in a similar manner that Prob- 
lems 37, 38, 39, etc., are all include I in the following 
general problem. 

Prob, 57. It is required to divide a number a into 
four parts, the second of which shall be m times as 
great as the first, the third shall be n times as great 
as the first, and the fourth p times as great as the first. 

This problem may be solved in the following man- 
ner: 

Let X represent the first part. 

Then mx will represent the second part, 
nx will represent the third part, 
and px will represent the fourth part. 

And, by the conditions of the problem, 
X'\-mx-\-nx'\'px^a. 

And, reasoning in the same manner as in Prob. 56, 

we conclude that 

a 
X must be equal to zr\ ; — ; — , 

and this is a general solution of all the preceding prob- 
lems from 37 to 54. 

(19.) Problems 1 to 54 are called numerical prob- 
lems, and are such problems as occur in common arith- 
metic. Problems 55 to 57 are general problems, and 
pure Algebra is chiefly confined to problems of this 
kind, where letters are employed to represent quanti- 
ties which are supposed to be known, as well as those 
which are unknown. It becomes necessary, therefore, 

Quest. — What are numerical problems? What are general prob- 
lems? 



DEFINITIONS. 41 

to explain the method of performing the operationB of 
addition, subtraction, multiplication, division, etc., . 
upon quantities represented by letters. These meth- 
ods are essentially the same as practiced in arithmetic, 
but there is some apparent difference arising from the 
difficulty we experience in algebra in uniting many 
terms into one single term, as we do in arithmetic. 

Some peculiarities of notation are adopted when 
numbers are represented by letters. 

(20.) The first letters of the alphabet are commonly 
used to represent known quantities, and the last let- 
ters those which are unknown. 

(21.) Quantities preceded by the sign + are called 
positive quantities ; those preceded by the sign — , neg* 
ative quantities. When no sign is prefixed to a quanti- 
ty, + is to be understood. Thus, a+ft—c, is the same 
as +a+b—c, 

(22.) When numbers are represented by letters, 
multiplication is usually indicate<l by writing the let- 
ters in succession without the interposition of any sigD. 
Sometimes it is indicated by placing a point between 
the successive letters. Thus, abed is equivalent to 
aXbXcXd, OT a.b.e.d. 

Thus, if we suppose a=2, ft=3, c=4, and rf=6, wo 
have aAcrf=2x 3x4x5=120. 

(23.) When two or. more quantities are multiplied 
together, each of them is called a faetor. Thus, in 
tiie expression 7x5, 7 is a factor, and so is 5. In the 
product abc there are three factors a, ft, and c. 

Quest. — How are known q nan tides represented ? What are posi- 
tiye quantities 7 What are negative quantities T How may^mnltipli- 
cation be denoted T What is a fector f 
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When a quantity is represented by a letter, it is 
called a literal factor, to distinguish it firom a numer^ 
teal factor, which is represented by an Arabic numeraL 
Thus, in the expression 8ad, 8 is a numerical factor, 
while a and b are literal factors. 

(24.) The symbol > iff called the sign of inequality j 
and when placed between two quantities, denotes that 
one of them is greater than the other, the opening of 
the sign being turned toward the greater number. 

Thus, 4<7 signifies that 4 is less than 7, and 12>9 
denotes that 12 is greater than 9. So, also, a>b shows 
that a is greater than 6, and c<id shows that c is less 
than d. 

(25.) The coefficient of a quantity is the number or 
letter prefixed to it, showing how often, the quantity is 
to be taken. 

Thus, instead of writing a+a+a-ha-ha, which rep- 
resents 5 a's added together, we write 5a where 6 is 
the coefficient of a. In like manner. Sab signifies eight 
times the product of a and b. When no coefficient is 
expressed, 1 is always to be understood. Thus, la 
and a signify the same thing. 

The coefficient may be a letter as well as a figure. 
In the expression mxy m may be considered as the co- 
efficient of X, because a; is to be taken as many times 
as there are units 'mm. If m stands for 4, then mx is 
four times x. 

(26.) The products formed by the successive multi* 
plication of the same number by itself are called the 
powers of fliat number. 

Q UES T. ■ — ^What is a literal factor ? What is a numerical factor T What 
is the sign of inequality? What is <i coefficient? What are powers ? 
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Thus, 2x2= 4, which is the second power of 2. ^ 
2x2x2= 8, the third power of 2. 

2x2x2x8=16, the fourth power of 2, etc. 
So, also, 3x3= 9, tiie second power of 3. 

3x3x3=27, the fourth power of 3, etc. 
Also, axa=aa, tiie second power of a. 

aXaXa=aaa, the third power, etc. 

(27.) For the sake of brevity, powers are usually 
expressed by writing tiie root once, with a number 
above it at the right hand, showing how many times 
the root is taken as a factor. This number is called 
the exponent of the power. 

Thus, instead of 
aaj we write a*, where 2 is the exponent of the power. 
aaa^ we write ^', where 3 is the exponent of the 

power. 
aaaay we write a*, where 4 is the exponent of the pow- 
er, etc. 

When no exponent is expressed, 1 is always under- 
stood. Thus, a^ and a signify the same thing. 

Exponents may be attached to figures as well as 
letters. 

Thus, the product of 3 by 3 may be written 3', 
which equals 9. 

The product of 3x3x3 may be written 3*, which 
equals 27. 

The product "of 3x3x3x3 may be written 3*, which 
equals 81, etc. 

(28.) A root of a quantity is a factor which, multi- 
plied by itself a certain number of times, will.produce 
the given quantity. 

QvssT.'^What is an exponent 7 What is a root of a quantity 7 
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The symbol ^ is called the radix al sign^ and, 
when prefixed to. a quantity, denotes that its root is to 
be extracted. Thus, 

V9, or simply ^9, denotes the square root of 9, 
which is 3. 

V64 denotes the cube root of 64, which is 4. 

V16 denotes the fourth root of 16, which is 2. 

So; also, 

Va, or simply -/a, is the square root of a. 
Va denotes the third or cube root of a. 
Va denotes the fourth root of a. 
Va denotes the wth root of a, when n may repre- 
sent any number whatever. 

(29.) The number placed over the radical sign is 
called the iridex of the root. Thus 2 is the index of 
the square root, 3 of the cube root, 4 of the fourth root, 
and n of the nth root. The index of the square root 
is usually omitted. Thus, instead of Va6, we usually 
write yl ab, 

(30.) A vificulum , or a parenthesis ( ), in- 
dicates that several quantities are to be subjected to 
the same operation. 

Thus, a+b+cXdy or (a+i+c)xrf, denotes that the 
sum of a, 6, and c is to be multiplied by d. But 
a+6+cxrf denotes that c only is to be multiplied by d. 

When the parenthesis is used, the sign of multipli- 
cation is generally omitted. Thus {a+b-\rc)xd is the 
same as (flj+6+c)rf, or rf(a+6+c). 

(31.) Every quantity expressed in algebraic lan- 

QuEST.— What is the radical sign? What is the index of a rooti 
What is a vinculam ? 
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gaage, that is, by the aid of algebraic symbols, is call- 
ed an algebraic quantity ^ or an algebraic expression 
Thus, 

5a is the algebraic expreission for five times the nnm- 
ber a. 

4a' is the algebraic expression for four times the 
square of the number a. 

6a'6' is the algebraic expreission for six times the 
square of a, multiplied by the third power of 6. 

(32.) An algebraic quantity composed of a single 
term is called a monomial. 

Thus, 2a, Zbcy 5xy% are monomials. 

An algebraic expression, consisting of two terms 
only, is called a binomial ; ofle consisting of three 
terms is called a trinomial. 

Thus, 3a+5b is a binomial, and a+2bc+5xp is a 
trinomial. 

An algebraic expression which is composed of sev- 
eral terms is called a polynomiaL 

Thus, 2a+5b+7c—4d is a polynomial. 

(33.) The numerical value of an algebraic expres- 
sion is the result obtained when we attribute particu- 
lar values to the letters. 

Suppose the expression is 5ab\ 

If we make a=2 and 6=3, the value of this expres- 
sion will be 5x2x3x3=90. 

If we make a=3 and 6=4, the value of the same 
expression will be 5x3x4x4=240, 

' QuxsT.^What is an algebraic expresnonf What is a monoiDialf 
What is a binomial 7 What is a trinomialT What is a polynomial T 
What is the numerical yalne of an algebndo expression f 
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(34.) Like or similar terms are terms composed of 
the same letters aflfeoted with the same exponents. 

Thus, in the polynomial 

4a6+9a6+6aV-12aV, 
the terms Aab and 9ab are similar, and so also are 
the terms 5a*c and — 12a'c. 

But in the binomial 

6a6"+5a»6, 
the terms are not similar ; for, although they contain 
the same letters, the same letters are not affected with 
the same exponents. 

(35.) The reciprocal of a quantity is the quotient 
arising from dividing a unit by that quantity. 

Thus, the reciprocal of 3 i&-K\ the reciprocal of a 

. 1 
IS -. 

a 

The following examples are designed to exercise the 
pupil upon the preceding definitions and remarks. 

(36.) Examples in which words are to be translated 
into algebraic symbols. 

Ex. 1. What is the algebraic expression for the fol- 
lowing statement ? Five times the square of a mul- 
tiplied by the cube of b ? 

Ans. Sa'b*. 

Ex. 2. Six times the square of a multiplied by the 
cube of 6, diminished by the square of c, multiplied 
by the fourth power of d. 

Ans. 6a'ft'— c'rf*. 

Ex. 3. The second power of a increased by twice 

Quest. — What are Bimilar termB f What Ib the reciprocal of a qaan- 
titjT 
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the produot of a and 6, diminished by c, is eqnal to 
nine times d. 

Ans. a*+2a6-c=9d. 
Ex. 4. Three quarters of x increased by five, is equa. 
to two fifths of b diminished by eleven. 

Ans. 
Ex. 5. The quotient of three divided by the sum of 
X and four, is equal to twice b diminished by eight. 

Ans. 
Ex. 6. One third of the difference between five 
times X and four^ is equal to the quotient of six di- 
vided by the sum of a and b. 

Ans. 
Ex. 7. The quotient arising £rom dividing the sum 
of a and b by the produot of c and dj is equal to four 
times the sum of x and y. 

Ans. 
(37.) Examples in which the algebraic signs are to 
be translated into common language. 

_ ^ a+b ^ nx 

Ex. 1. l-ma;=-r. 

c a 

Ans. The quotient arising £rom dividing the sum ol a 
and b by c, increased by the product of m and x, is equal 
to the quotient arising £rom dividing n times x by d. 

Ex. 2. 7a'+ft(c-d)=x+y. 

E^. 3. ^+?=: 



3+x a rf+2* 
Ans. 
b+2c 



Ex. 4. 4V«*~17= 



d 
Am. 
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' X a_^ab(x+2) 

E^- S- 2+(6-c)+7-~3 • 

Ans. 

Ex. 6. :^=3a;+14. 

2a 4-1 

Ans. 
(38.) Find the value of the following, algebraic ex- 
pressions when a=6, 6=5, and c=4. 



Ex. 1. 


a'+3o6-c'. 




Ans. 36+90-16=110. 


Ex.2. 


a'{a+b)-2abc. 




Ans. 156. 


Ex.3. 


"* U' 


a+3c"^' 




iln«.2a 


Rx.4. 


2'^+36+7a. 



illM. 



Ex. 6. +rT"- 

c b+c 



Ans. 



Ex.6. ^^,,^Sia-l>)K{l>-c). 



Ex.7. 8a+- ^"^ 



Ex. 8. Vb*-ac+ V2ac+c*. 






SECTION II. 

ADDITION. 

(39.) Addition is tiie coimeoting cC quantities to«> 
g'^tlier hy means of their proper signs, and incorpora- 
ting such as can he united into one sum. 

If it is required to add a numher represented hy x 
to four times itself, we write it 

which may he reduced to 5x. 

If it is required to add a numher x to m times it- 
self, we write it x+mx, 
which two terms can not he united in one. 

If it is required to add a numher represented hy x 
to three times itself, and also four times itself, we 
write it x+3x+4a;, 

which may he reduced to 8a;. 

If it is required to add a numher xtom times it- 
self, and also to n times itself, we write it 

x+Tnx+nXf 
which three terms can not he united in one, and this 
is called algehraic addition. 

(40.) It is convenient to consider this suhjeot under 
three oases. 

Case I 

When the quantities are simUary and have the same 

signs. 

■ '■ " ' ' ■' " ■ ■ ■ ■ I I I ^ III III ■ I 

QuxBT.^Wbat 18 Addition 7 How lOBDy cases are there in Addition f 
What is ease first? 

C 
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Rttle. 
Add the coefficients of the several quantities ttrgeth^ 
cr, and to their sum annex the common letter or letters^ 
prefixing the common sign. 

Thus the sum of 3a and 5a is obviously 8a. 
Ex. 1. What is the sum of 4a, 6a, and 9a ? 

Arts. 19a. 
Ex. 2. What is the sum of Axy^ Sxy^ xy^ and ^xy ? 

Ans. IQxy. 
Ex. 3. What is the sum of 3aft, 7a6, aft, and 12ab ? 

Ans. 23a6. 



Ex. 4. What is 


the sum 


of Sma;, 9mx, 


4mx, and 


5mx? 












^ms. 20flKC. 


Add together the following 


tenns: 




(5.) 


(6.) 


(7.) 


(8.) 


2b+Zx 


2a+ y' 


5a+ rcy 


3aa;+ m 


5i+7a: 


5a+2jf' 


9a+2xy 


12am+lm 


b+2x 


9o+3y' 


^a+Sxy 


llax+5m 


46+3a; 


4*4-61^ 


la-\-Aocy 


^ax+9m 


Ans. 126+16X. 









(41.) We prooeed in the same manner when all the 
signs are minus 

Thus the sum of —3a and —5a is —8a; for the 
minus sign before each of the terms shows that they 
are to be subtracted, not from each other, but from 
some quantity which is not here expressed ; and if 3a 
and 5a are to be successively subtracted £rom the same 
quantity, it is the same as subtracting at once 8a. 

QuxsT.— ^ve the rale.* How do we proceed when all the ngni 
are negatiTe f 
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Ex. 9. What is the sum of — Sa, —7a, — lla, and 

Ans. -29a. 
Ex. 10. What is the sum of -2Ac, -12Ac, -fiic, 
and —be? . 

Ans. -204c. 
Ex. 11. What is the smn of ^3ax, — 6aXy — ISox, 
and —Aax? 

Ans. — 28aa;. 
Add together the following terms : 



(12.) 


(13.) 


(14.) 


(15.) 


3a- Sx* 


7x-9i/ 


3o'-5a4 


8ax-12mx 


5a- 7a;' 


2x-3$/ 


6a'-4o4 


2az— 2mz 


Ga-lSz* 


x-Sy 


10a'-2a« 


lax-- Sums 


8a-10a;' 


12x-4y 


5a'-3a6 


2ax— Imx 


Ans. 22a-Slx* 




*• ' "* . ^ ' ~ 





Case II. 
(42.) When the quantities are similar, but have dif- 
ferent signs. 

Rule. 
Add all the positive coefficients tog^ether, and also 
all those that are negative ; subtract the least of these 
results from the greater ; to the difference annex the 
common letter or letters^ and prefix the sign of the 
greater sum. 

Thus, instead of 7a— 4a, we may write 3a, since 
these two expressions obviously have the same value. 
Also, if we have 6a— 2a+3a— a, this signifies that 
from 5a we are to subtract 2a, add 3a to the remain- 
der,' and then subtract a from this last sum, the result 
I III 

QvxsT.^What ia case aecond 1 Gire llie rule. 
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of wHioh operation is 5a. But it is generally most 
oonvenient to take the snm of the positive qnantities, 
whioh in this oase is 8a; then take the sum of the neg- 
ative quantities, which in this oase is 3a / and we have 
8a— 3a, or Sa, the same result as before. 

The pupil must continually bear in mind the re- 
mark of Art. 21, that when no sign is prefixed to a 
quantity, plus is always to be understood. 

Ex. 1. What is the sum of 6a, —4a, 3a, and a? 

Ans. 6a. 

Ex. 2. What is the sum of 4xp'-2xt/+7xt/-'Xp ? 
' Ans. 8xy. 

Ex. 3. What is the sum of 3abm+2abm''Aabm 
+abm? 

Ans. 2abm. 

Add togetlier the following terms : 



(4-) 


(5.) 


(6.) 


(7.) 


6x+5ap 


7ax+ 4ai 


-6o'+24 


2ap- 7 


-3a;+2ay 


3ax- 2ab 


2a'-3b 


- ap+ 8 


a;— 6ay 


ax+lOab 


-5a*-8b 


2ay- 9 


2x+ ay 


Sax— 6ab 


4a*-2b 


3atf-ll 


Ans. Qx+2ay 








(8.) 


(9.) 


(10.) 


(11.) 


2a'x-3a 


8x*+9ac 


22A-4y 


6aA'+ mx 


a'x+7a 


7x'-2ac - 


-16A+2y - 


-7ab*-3mx 


-3a'»+8a 


-5x'+6ac 


3A+ y 


2a6'-6mx 


7a*x-- a 


X*— 4oc 


9A-3y 


4a6"+2ma; 



Ans. 



Case III. 
I.) When some of the quantities are dissimilar. 

QvxsT.— What ig the third ease T 
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Collect all the like quantities together^ by taking 
their sums or differences as in the two former cases^ 
and set down those that are unlike^ one after the other j 
with their proper signs. 

Unlike quantities can not be united in one tenn. 
Thus, 2a and 3b neither make 5a nor 5b. Their sum 
can only be written 2a+Sb. 

Ex. 1. What is the sum of Sab+6ax and 5ai— 2ax 
+m? 

Ans. 8ab+Aaz+nk 

Ex. 2. What is the sum of 4a*-2ab and 5a'+y 
+ab ? Ans. 9a'— oA+y. 

Ex. 3. What is the sum of 8ax+2ac and 6ax~-ae 
+4ac ? Ans. 14ax+ 5ac. 

Add together the following terms : 



(4.) 


(5.) 


(6.) 


(7.) 


2x!/-%3? 


3xy+2ax 


3bc-2y 


5abc+ mn 


32;'+ xy 


—2xy— a7? 


y + b 


2abcSmn 


x'— xy 


-3a;y+3a2; • 


-2bc+9y 


2m»— X 


4a;' -2xy 


— Sxy— ax 


2y +46c 


—4abc+5mn 



Ans. Gx" — xy. 

(44.) When several quantities are to be added to- 
gether, it is most convenient to write all the similar 
terms under each other j as in the following example : 
Ex. 8. Add together the following terms : 
llbc+4ad-8x 
8x +7bc -2ad 
2cd-2ad-2bc 

Quest. — Give the role. What is the most convenient mode of aii- 
nnging the terms? 
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These terms may be written thus : 
llbc+Ud''8x+2ca 
7bC''2ad+8x 
-2bc-2ad 

Bmn, 166c +2cd. 

Ex. 9. Add togeth.er the following terms : 

7m+3n — 14p 

3a+9n-llm 

5p — 4w + 8» 

lln —26 — m 

Ans. 3a-26-9w+31»-9i^ 

Ex. 10. Add together 

4a* b+3c''d-9m*n 
4m'«- ab*+5c'd 
6m^n-5c*d+4mn' 
Imn'+ec^d+Sm'n 
Ans. 4d'b-ab'+9c^d'^6m'n+llmn\ 

Ex. 11. Add together 

36- a-6c ' 
6c- rf-3a 
3a-26-3c 
56-8c+9rf 
17c-66-7a 
Ans. 

Ex. 12. Add together 

3am—Axp+8 
lOzy +2 — am 
'ijiam—2xy+6 
Ans, 
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Ex. 13. Add together 
\ 18az'--12ab +5m 

lAab + 6ac + ay? 
2m - 7ax'+2ab 



Ex. 14. Add together 

5a+4b-7€ 
8c +2a-3aa; 

a+2c-8b 
7a-4tb+3c 
Ans. 

Ex. 15. Add together 

7ax +Aab + Sab* 
2ab —Sac + 6ax 
AaV+2ac -25mn 
— ax +dmn+12ab 
Ans. 

Ex. 16. Add together 

4xp+ m+ 9ab+16 
3ab+12 - 2xt/+17m 
4 + xp-12m + 2ab 
7a6- 6m -12 + 2x$ 
25 + 3w - 6xy+ Sab 
Ans. 

Ex. 17. Add together 

7abc+ Sxy + 2mn 
, 14 + Qabc+nxy 
6mn+10xy — 2abc 
-Sxy +15 - 2abc 
Ans. 
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Ex. 18. Add together 

2ab^+ 3ac*+9b^z 

~22ac'-10x* -4a6' 
19ac»- 8b'x+9a^ 
Ans. 

Ex. 19. Ad'i together 

4a'b-7ab+2x 
Sa'b+Sx -2ab 
9x -Aab+2ab 
Ans. 

Ex. 20. Add together 

12mx+3an -25 
— 2an+4:mx+ y 
+16 +4a»— 5mx 
Ans. 

(45.) It must be observed that the term addition is 
used in a more extended sense in algebra than in arith- 
metic. In arithmetic, where all quantities are regard- 
ed as positive, addition implies augmentation. The 
sum of two quantities will therefore be numerically 
greater than either quantity. Thus the sum of 7 
and 5 is 12, which is numerically greater than eithei 
5 or 7. 

But in algebra we consider negative as well as pos- 
itive quantities ; and by the sum of two quantities we 
mean their aggregate, regard being paid to their signs. 
Thus the sum of +7 and —5 is +2, which is numer- 
ically less than either 7 or 5. So, also, the sum oi 

Quest. — What is the difference between arithmetical and algebraio 
addition T 
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+a and —b is a-^b. In this case the algebraic stun 
is numerically the difference of the two quantities. 

This is one instance among many in which the 
same terms are used in a much more general sense in 
the higher mathematics than they are in arithmetic. 
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SUBTRACTION. 

(46.) Subtraction is fhe taking of one quantity 
firom another ; or it is finding the difference between 
two quantities or sets of quantities. 

Thus, if it is required to subtract 17 from 25, we 
may write it 25—17, 

which equals 8. 

So, also, if it is required to subtract 5a from 8a, we 
may write it 8a— 5a, 

which equals 3a. 

If it is required to subtract 5b from 8a, we write it 
8a-56, 
and these, being unlike terms, can not be united in one 
single term. Hence, if the quantities are positive and 
similar^ subtract the- coefficient of the subtrahend from 
the coefficient of the minuend, and to their difference 
annex the literal part. If the quantities are not sim^ 
ilar, the subtraction can only be indicated by the usual 
sign. 

(1.) (2.) (3.) (4.) 

From 25a IQab* 12abx 29ax 

Subtract 12a 3ab^ 5abx 17ax 

Remainder, 13a 13a6' 7abx 12ax 

QriST. — ^Wbat is sabtraction 7 If the qaantities ore positive and am* 
ilar, how do we proceed f When the qaantitiee are not similar? 
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Prom 
Take 


(5.) 

13»»x' 

5ma^ 


■ (6.) 

25ab*x 

19ab*x 


(7.) 

21a'**c 

8a*bc 


(8.) 
S2axy 
13ax9 


£em. 


Qmx* 








From 
Take 


(9.) 
7mx 
Sab 


(10.) 
8o6' 
76 


(11.) 
6bx 
24c 


(12.) 
12x9 
16 


Rem. 


7mx— 


5ab 







(47.) Let us now consider the case in which the 
quantities are not all positive ; and let it be required 
to subtract 8—3 from 15. 

We know that 8—3 is equal to 5, and 5 subtracted 
from 15 leaves 10. 

The result, then, must be 10. But, to perform the 
operation on the numbers as they were given, we first 
subtract 8 from 15 and obtain 7. This result is too 
small by 3, because the number 8 is larger by 3 than 
the number which was required to be subtracted. 
Therefore, in order to correct this result, the 3 must 
be added, and we have 

15-8+3=10, as before. 

Again, let it be required to subtract c—d from a— & 
[t is plain that if the part c were alone to be subtract- 
ed, the remainder would be 

a— 6— c. 

But as the quantity actually /uroposed to be sub- 
tracted is less than c by the units in d^ too much has 
been taken away by rf, and therefore the true remain- 
der will be greater than a—b—c by the units in dj 
and will hence be expressed by 

Quest. — When the quantitioB are not all positiYe ? ^ 
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a— 6— c+rf, 
where the signs of the last two terms are both caU" 
trary to what they were given in the subtrahend* 
(48.) Hence we deduce the following general 

Rule. 

Conceive the signs of all the terins of the subtro' 
hi nd to be changed from + to — or from — to +, and 
then collect the terms together as in the several cases 
of addition. 

It is better, in practice, to leave the signs of the 
subtrahend unchanged^ and simply conceive them to 
be changed; that is, treat the quantities as if the 
signs were changed ; for otherwise, when we come to 
revise the work, to detect any error in the operation, 
we might often be in doubt as to what were the signs 
of the quantities as originally proposed. 







Examples. 




Ex. 


1. From 7a;* +4y take 3a;'-2y. 










Ans. 4a;'+6y. 




(2.) 




(3.) 


(4.) 


From 


5a'-26 




6a;y+8rc-2 


x»+2zy+y» 


Take 


2a'+5b 




3a;y-8a;-7 


a;'-2xy+y* 


Rem. 


Za^-lb 










(5.) 




(6.) 


(7.) 


From 


3a"+ ax+2x* 


lO-Sx-Sxp 


\ax—%x*y 


Take 


2a"-4ax+ 


x' 


3— x— xy 


2ax'-5xy* 


Rem. 


a'+5aa;+ 


~x^ 





Quest. — Give the general rule for sabtnictioD. Ib it best actually to 
change the ligna of the sabtrahend f 
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(8.) (9.) (10.) 

From 6a+46-2c 7d+llxy 2y'-16aj* 

Take 3aH-26-f c 5d- 4xp ' 6y'-18a;* 
Rem, 2a+2b-3c 

(11.) (12.) 

From Saby—^zp+^xz 14a'x+19ax^+ 5a^a^ 

Take -3abf/+5xz+3xp 15g'a;+llgrc'-15gy 
Rem. daby— xz—lxy 

(49.) Subtraction may be j!?rot;erf, as in arithmetic, 
by adding the remainder to the subtrahend. The sum 
should be equal to the minuend. 

The term subtraction, it will be perceived, is used 
in a more general sense in algebra than in arithmetic. 
In arithmetic, where all quantities are regarded as 
positive, a number is always diminished by subtrac- 
tion. But in algebra, the difference between two quan- 
tities may be numerically greater than either. Thus 
the difFerence»between +a and —a is 2a. 

(50.) The distinction between positive and negative 
quantities may be illustrated by the scale of a ther- 
mometer. The degrees above zero are considered pos- 
itive, and those below zero negative. From five de- 
grees above zero to five degrees below zero, the num- 
bers stand thus : 

+5, +4, +3, +2, +1, 0, -1, -2, -3, -4, -6. 

The difference between five degrees above zero and 
five degrees below zero is ten degrees, which is nu- 
merically the sum of the two quantities. 

QuKST. — How may siibtraction be proved 7 What is the difference 
betweoi arithmetical and algebraic subtraction 7 niastrate the dtsCino- 
tkm between ix»tiye and negatiye qnantitiea. 
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(51.) In many cases the terms positive and nega- 
tive are merely relative. They indioate some sort of 
opposition between two classes of quantities, such that 
if one class should be addedy the oUier ought to be sub* 
tracted. Thus, if a ship sail alternately northward 
and southward, and the motion in one direction is 
q^lled positive^ the motion in the opposite direction 
should be considered negative. 

Suppose a ship, setting out from the equator, sails 
northward 60 miles, then southward 27 miles, tlien 
northward 15 miles, then southward again 22 miles, 
and we wish to know the last position of the ship. If 
we call the northerly motion +, the whole may be ex- 
pressed algebraically thus : 

+50-27+15-22, 
which reduces to +16. The positive sign of the re- 
sult indicates that the ship was 16 miles fiorth of the 
equator. 

Suppose the same ship sails again 8 miles north, 
then 35 miles south, the whole may be expressed thus : 

+50-27+15-22+8-35, 
which reduces to —11. The negative sign of the re- 
sult indicates that the ship was now 11 miles south 
of the equator. 

In this example we have considered the northerly 
motion + and the southerly motion — ; but we might, 
without impropriety, have considered the southerly 
motion + and the northerly motion — . It is, how- 
ever, indispensable that we adhere to the s^me system 
throughout, and retain the proper sign of the result, 

QuKST. — Sometimes the terms positive and negative are merely rel- 
ative. Illustrate this by the example of a ship^ 
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as this sign ^hov^s whether the ship was at any time 
north or south of the equator. 

In the same manner, if we consider easterly motion 
+, westerly motion must be regarded as — , and vice 
versa. And, generally, when quantities which are es- 
timated in different directions enter into the same al- 
gebraic expression, those which are measured in one 
direction being treated as +, those which are meas- 
ured in the opposite direction must be regarded as — . 

So, also, in estimating a man's property, gains and 
losses f being of an opposite character, must be affected 
with different signs. Suppose a man with a property 
of 1000 dollars loses 300 dollars, afterwcurd gains 100, 
and then loses again 400 dollars, the whole may be 
expressed algebraically thus : 

+1000-300+100-400, . 
which reduces, to +400. The + sign of the result 
indicates that he has now 400 dollars remaining in his 
possession; Suppose he further gains 50 dollars and 
then loses 700 dollars. The whole may now be ex- 
pressed thus : 

+1000-300+100-400+50-700, 
which reduces to —250. The — sign of the result in- 
dicates that his losses exceed the sum of all his gains 
and the property originally in his possession ; in other 
words, he owes 250 dollars more than he can pay, or, 
in common language, he is 250 doUars worse than 
nothing. 

(52.) It is sometimes sufficient merely to indicate 
the subtraction of a polynomial without actually Rcr- 

Quest. — Illostrate the same principle by a case of gain and loss. 
How do yre indicate the subtraction of a polynomial f 
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forming the operation. This is done by inclosing tho 
polynomial in a parenthesis, and prefixing the sign — • 
Thus, 6a-36- (3a-26), 

signifies that the entire quantity 3a— 26 is to be sub- 
tracted from 6a— 36. The subtraction is here merely 
indicated. If we actually perform the operation, the 
expression becomes 

5a-36-3a+26, 
or, 2a— b. 

According to this principle, polynomials may be 
written in a variety of forms. Thus, 

a— 6— c+rf, 
is equivalent to a— (6+c— rf), 
or to a— J— (c— rf), 

or to a+d—{b+c). 

Examples for Practice. 
Ex. 1. From lOax+y take 2ax—y, 

Ans. 7ax+2ff. 
Ex. 2. From VTrnx'+lZ take V7mz'+12-b. 

Ans. +J. 
Ex. 3. From 12a6V-y' take 3a6V+y'. 

Ans. 9a6V-2y'. 
Ex. 4. From a+b take a— 6. 

Ans. 2b. 
Ex. 5. From 5a*+6'+2c'-15 take 12+b^+5a\ 



Ex. 6. From 17a;+4a-36+25 take 12+26-3a 

+4r. 

Ans. 

Quest.— Give some of the different fomiB in which a polyopiaial naj 
be written 
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Ex. 7. From 3a+26-7c+14y take 3y f 4c-ft+a. 

Ex. 8. From 28aa;'-16aV + 25a'a;-13a* take 
18ax'+20aV-24a'a;-7a*. 

Ex. 9. From Sa^xy—Sbx^y+Vtcxy''-^^ take a"a:y 
+36xV-13ca;y'+20y». 

Ex. 10. From 10aaj'+1363^'-176c take Abc-Zby" 

Ex. 11. From 25rc+32xy-6a take 2a+17-19xy 
+3a;. 

Ans, 
Ex. 12. From 12a;* take 24x+3aj-7a:+16rc. 

Ex. 13. From 24a+176take 20+36-2a+7a-6t 

Ans. 
Ex. 14. From 34-6a6+2y-5a; take 2x^Zab 
-16+y. 

Ex. 15. From a* f-a6c-6 take 6f a4c-a'. 



SECTION IV. 

MULTIPLIC^OW. 

(53.) Multiplication is repeating the multiplicand 
as many times as there are units in the multiplier. 

Case I. 

When both the factors are monomials. 

If the quantity a is to be repeated five times, we 
may write it thus : 

a+a+a+a+aj 
which is equal to 5a; that is, a multiplied by 5 is 
equal to 5a. 

If 2» is to be repeated six times, we may write it 
b+b+b+b+b+by 
which is equal to 6b. 

If X is to be repeated any number of times, for in- 
stance as many times as there are Units in a, we may 
write it arc, which signifies a times a;, or a; multiplied 
by a. 

Again, if ai is to be repeated four times, we may 
write it ab+ab+ab+ab^ 

which is equal to 4tab, or four times the product ab. 

(54.) When several quantities are to be multiplied 
together, the result will be the same in whatever order 
the multiplication is performed. Thus, let five dots 

Quest.— What is multiplication ? What is case first 7 Is it material 
fai what Older the multiplication be performed 7 
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be arranged upon a horizontal liney and let there be 
formed four such parallel lines. 



Then it is plain that the number of units in the table is 
equal to the five units of the horizontal line repeated as 
many times as there are units in a vertical column ; that 
is, to the product of 6 by 4. But this sum is also equal 
to the four units of a vertical line repeated as many 
times as there are units in a horizontal line ; that is, to 
the product of 4 by 5. Therefore the product of 6 by 4 
is equal to the product of 4 by 5. For the same reason, 
2x3x4 is equal to 2x4x3, or 4x3x2, or 3x4x2, 
the product in each case being 24. So, also, if a, b^ 
and c represent any three numbers, we shall have abc 
equal to bca or cab. It is, however, generally most 
convenient to arrange the letters in alphabetical order. 

If a man earn 4x dollars a month, how much will 
he earn in 5^ months ? 

Here we must repeat 4x dollars as many times as 
there are units in 5y ; hence the product is 

4a;x6y. 
which is equal to 20a;y. 

(55.) Hence, for the multiplication of monomials 
we have the foUovring 

Rule. 
Multiply the coefficients of the two terms together, 
and to the product annex all the different letters in 
succession, 

QuB8T.— Give the rule for the maltipUcation of monomialk 
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Examples. 








(1.) 


(2.) 


(3.) 


(4.) 


Multiply 


24a 


7ab 


laxy 


3ay 


by 


3b 


8cd 


Qay 


8bm 


Product 


72ab 


56abcd 


Wii^V 


Jl;' 



(56.) We have seen, in Art. 27, that when the samo 
letter appears several times as a factor in a product, 
Ihb is briefly expressed by means of an exponent. 
Thus aaa is written a", the number three showing 
that a enters three times as a factor. Hence, if the 
same letters are found in two monomials which are to 
be multiplied together, the expression for the product 
may be abbreviated by adding the exponents of the 
same letters. Thus, if we are to multiply a" by a', we 
find a* equivalent to aaa^ and a* to aa. Therefore the 
product will be aaaaa^ which may be written a', a re- 
sult which we might have obtained at once by adding 
together 2 and 3, the exponents of the common letter a. 

Hence, since every factor of both multiplier and mul- 
tiplicand must appear in the product, we have the fol- 
lowing 

Rule for the Exponents. 
Powers of the same quantity may be multiplied bff 
adding their exponents. 



(3.) 

8a'6c* 
labcdP 





Examples. 


(1.) 


(2.) 


Multiply 2o"6'c 


2a'6V 


by 8fl6c' 


Sffl'ic* 


Product 16o*6V 





Qvxf T.— -Give the role for the exponent! in mnltiplicstioiL 



KULTIPLIOATION. 09 

(4.) (5.) (6.) 

Multiply 5a*6V 9a'6V 25aWcrf 

by 7a'b*c'd 8a'b*d %abc? 

Product 35o'6Vrf fT^'V" ^iTS'T^V- 

(7.) (8.) (9.) . 

Multiply 6o'6'x llo'6'a?y ITaftVtf 

by 7te' lla'A"a:y Oo'ftVrf* 

Product W6V /aTT'^* /i-»*->'r**t* 

(10.) (11.) (12.) 

Multiply 16fl6xy 27a'6Vd' 9a*6'x' 

by la'b'fxy l^a'xy' Sa'bxy' 

Product lis^W^ 4f'>J=oi?rV^'^\U^ 

(13.) (14.) (15.) 

Multiply 15a'6'y ITamxy 54a'6V« 

by labx 9abx dab'c*xY 

Product 105a"6*xy* 

Case II. 

(57.) When the multiplicand is a polynomial. 

If a+b is to be multiplied by c, this implies that 
the tmm of the units in a and 6 is to be repeated e 
times ; that is, the units in b repeated c times must 
be added to the units in a repeated also c times. 
Hence we deduce' the following 

RlJLE. 

Multiply each term of the multiplicand separately 
by the multiplier, and add together the products. 

QuuT. — ^Whatiatbaieoondeawiii mnltiplicationT Giv» tfaa niW. 
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Examples. 



(1.) 

Multiply Sa+2b 
by 4a 


(2.) (3.) 
a* +2a:+l Sy'+Sa^+a 
4a; x^ 


Produot 12a'+8ad 




(4.) 
Multiply dx*+xt/+2y' 
by 6x'y 


(5.) (6.) 
16d+7x!f* 7bm+4xY 
Sab 4o'6c' " 



Product 15x'y+5zY+10xY 
Case III. 

(58.) When both the factors are polynomials. 

If a+b is to be multiplied by c+rf, this implies that 
the quantity a+b is to be repeated as many times as 
there are units in the sum of c and d; that is, we are 
to multiply a+b by c and d successively, and add the 
pcurtial products. Hence we deduce the following 

Rule. 
Multiply each term . of the multiplicand by each 
term of the multiplier separately j and add together the 
products. 

Examples. 
(1.) (2.) (3.) 

Multiply a+b 3x+2y ax+b 

by a+b 2x+Sy cx+d 

Product a'+2ab+b'' 

(59.) When several terms in the product are similar ^ 
it is most convenient to set them under each otixer, 
and then unite them by the rules for addition. 

Quest. — What is the third case in multiplication ? Gire the rala. 
When several terms are simOar, how do we proceed t 
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(4.) • 
Multiply Sa+x 

by 2a+4a; 

Product 6a*+liax+4a^ 

(7.) 
Multiply Uaf+Sy 
by 2a;'+5y 



(5.) 
a'+26 
a+ b* 



(8.) 



(6.) 

x+2 



(9.) 



Product 4x*+20x'p+25y* 

(60.) The examples hitherto given in multiplication 
have been confined to positive quantities, and the pro- 
ducts have all been positive. We must now establish 
a general rule for the signs of the product. . 

First. If + a is to be multiplied by +6, this signi- 
fies that +a is to be repeated as many times as there 
are units in 6, and the result is +ab. That is, a plus 
quantity multiplied by a plus quantity gives a plus 
result. 

Secondly. If —a is to be multiplied by +6, this 
signifies that —^ is to be repeated as many times as 
there are units in ft. Now —a, taken twice, is obvi- 
ously —2a, taken three times is —3a, etc. ; hence, if 
—a is repeated b times, it will make —6a, or —aft. 
That is, a minus quantity multiplied by a plus quan- 
tity gives minus. 

Thirdly. To determine the sign of the product when 
the multiplier is a minus quantity, let it be proposed 
to multiply 8— 6 by 6— 2. By this we understand 
that the.quantity 8— 5 is to be repeated as many times 
as there ,aa:e units in 6—2. If we multiply 8— 6 by 6, 



QtJxsT.— What ia the product of 4-^ by -f^ f What ia the product 
of —a by -{-6 f Whenthe multiplier is a minua quantitj t 
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we obtain 48—30 ; that is, we have repeated 8—5 six 
times. But it was only required to repeat the multi- 
plicand four times, or (6—2). We must therefore <&• 
minish this product by twice (8—5), which is 16-^10 ; 
and this subtraction is performed by changing the 
signs of the subtrahend ; hence we have 

48-30-16+10, 
which is equal to 12. This result is obviously cor- 
rect, for 8—6 is equal to 3, and 6— 2 is equal to 4 ; 
that is, it was required to multiply 3 by 4, the result 
of which is 12, as found above. 

(61.) In order to generalize this reasoning, let it be 
proposed to multiply a—b by c—d. 

If we multiply a— 6 by c, we obtain ac—bc. But 
it was proposed to take a—b only as many times as 
there are units in the difference between c and d; 
therefore the product ac— 6c is too large by a— J taken 
d times ; that is, to have the true product, we must 
subtract d times a—b from ac—bc. But d times a— i 
is equal to ad—bd, which subtracted from ac—bCj gives 

ac—bc—ad+bd. 
Thus we see that +a multiplied by — rf gives -^o^ 
and —6 multiplied by — rf gives -hbd. Hence a plus 
quantity multiplied by a minus quantity gives minus ; 
and a minus quantity multiplied by a minus quantity 
gives plus. 

(62.) The preceding results may be briefly express- 
ed as follows : 

+ multiplied by +, and — multiplied by — , give +. 

+ multiplied by — , and — multiplied by +, give — . 

Quest. — What is the prodaot of a— 6 by c — d f How msf those 
resnlli be expreved f 
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Or, th« product of two quantities having the same 
sign^ has tiie sign plus ; the product of two quantities 
having different signsj has the sign minus. 

(63.) Hence all the cases of multiplication are com- 
prehended in the following 

Rule. 
Multiply each term of the multiplicand by each term 
of the multiplier J and add together all the partial pro* 
ducts J observing that like signs require + in the pro* 
duct^ and unlike signs — . 



Multiply 

by 


(1) 

Za'-2b* 
a- b 


Examples. 

X' 
X 


(2.) 

-2a:+4 
-2 


(3.) 
4a+2b 
4a-2b 


Product 


3a*-2ab'- 


-3o'A+26' 






Multiply 
by 


(4.) 


(5.) 
a'-2ab+b' a' 
2a -3b a* 


(6.) 
+ab+l^ 
-ab+b* 


Product 


a'-a 









Ex. 7. Multiply 6a*+l!iax-6a^ by 2a'-4ax-2a?. 

Am. 12a*-72oV+12a^. 
Ex. 8. Mtdtiply x'^2a;y-3 by Sa^+lOxy+lS. 

Am. 5x*-203^^-60xt/-45. 
Ex. 9. Multiply 2x'+2a;y +2^* by Sa^-SxY-SjT. 

Am. 6x'-6ay-12a;y-6y'. 
Ex. 10. Multiply a*-2b*+c* by a*-b\ 

Ams. 
Ex. 11. Multiply 5a'-2a*A+4oW by a'-4«'A+26*. 
Am.5a'-22a'b+l!ia'b*-6d*b*-4a*b*+8a'b\ 

QratT.— <jKf» dM gna&ai. rale far muMplwatiBa. 

D 
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Ex.12. Mtdtiply4a'-5a'6-8a6'+2&*by2a«.-3a6 
-4A*. 

Ex. 13. Multiply 3a*-5bd+efhy -5a'+4Arf-8c/. 

Ans. '-15a'+37a'bd-29a'ef-20b'(P+Ubdef''8ey\ 

Ex. 14. Multiply x*+2aj'+3a;"+2a;+l by a;'-2a;+l. 

Ans. a;«-2a;"+l. 
Ex.. 16. Multiply Ma'c-Ba'Ac+c* by 14a'c+6a'Ac 

Ans. 
Ex. 16. Multiply 3a +35a'6-17a&'-136' by 3a* 
+26a6-676*. 

(64.) For many purposes it is sufficient merely to 
indicate the multiplication of two polynomials, with- 
out actually performing the operation. This is effect- 
ed by inclosing the quantities in parentheses, and writ- 
ing them in succession, with or without the interposi- 
tion of any sign. ' 

Thus {a+b+c) {d+e+f) signifies that the sum of 
a, bj and c is to be multiplied by the sum oidj e, and/. 

When the multiplication is actually performed, the 
expression is said to be expanded. 

(65.) The following theorems are of such extensive 
application that they should be carefully committed to 
memory. 

Theorem I. 

The square of the sum of two quantities is equai to 
the square of the firsts plus twice the product of the 
first by the second^ plus the square of the second. 

Quest. — How may we indicate the multiplication of polynomials f 
What if the iqnare of the sum of two quantitaei T 
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Thus, if we multiply a +b 
by a+& 

a"+ ah 

we obtain the product o*4-2a6+ft'. 
Hence, if we wish to obtain the square of a binomial, 
we can write out the terms of the result at once, ac- 
cording to this theorem, without the necessity of per- 
forming an actual multiplication. 
Examples. 

Ex. 1. (2o+i)'=4a'+4aA+6'. 

Ex. 2. (3a+36)'=9a*+18a6+96'. 

Ex. 3. (4£H-36)»=16a«+24a6+96\ 

Ex. 4. (5a'+6)'=25a*+10a'6+y. 

Ex. 5. (5a'+7ai)»=26a*+70a'6+49aW. 

Ex. 6. (5a«+8a"ft)»=25a«+80a*6+64a*6\ 

This theorem deserves particular attention, for one 
of the most common mistakes of beginners is to call 
the square of a+b equal to a'+6*. 

Theorem II. 
(66.) The square of the difference of two quantities 
is equal to the square of the first, minus twice the prod* 
uct of the first and second, plus the square of the second. 
Thus, if we multiply a —6 
by a —b 

a*— ab 
- ab.+b* 
we obtain the product a*—2ab+b*. 

QuKST. — ^lUustrafe by an example. What xnistake do beginnen fin»- 
qnently commit? What is the square of the difference of two qiianti* 
tim? 
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Examples. 
Ex. 1. (2a-36)«=4a«-12ai+96». 
Ex. 2. {5ab-2xy^25aV-20abx+4sc'. 
Ex. 3. (8a'-3x)'=64a*-48a'x+9a;». 
Ex. 4. (6a«-2ft)'=36a*-24a»6+46\ 
Ex. 5. (7a'-10aft)'=49a*-140a'ft+100a'6\ 
Ex. 6. (7aV-12a6)'=-49a*ft*-168aV+144a'y. 
Here, also, beginners often commit the mistake of 
putting the square of a—b equal to a^—b^. 

Theorem III. 
(67.) The product.of the sum and difference of two 
quantities is equal to the difference of their squares. 
Thus, if we multiply a +b 
by a —b 

a*+ab 

we obtain the product a'— 6'. 

Examples. 

Ex. 1. (3a+46)(3a-46)=9a'-16i\ 

Ex. 2. (6aA+3a;)(6aft-3a;)=36a'ft'-9x\ 

Ex. 3. (7a+26)(7a-2ft)=49a'-46\ 

Ex. 4. (8a+76c)(8a-7ftc)=64a'-496V. 

Ex. 5. (5a*+66')(5a'-6ft')=25a*-36ft*. . 

Ex. 6. (5a;V+3x3^)(5a;'3^-3xy«)=25xy-9xy. 

The student should be drilled upon examples like 
the preceding until he can produce the results men- 
tally with as great facility as he could read them if 
exhibited upon paper. 

Quest.— niastrate by examploB. What is the prodact of the sosi 
and difference of two qoantitiei f Illustrate by exunplet. 
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The utility of these theorems will be the more ap- 
parent the more complicated the expressions to which 
they are applied. Frequent examples of their appliea* 
tion will be seen hereafter. 

(68.) The same theorems will enable us to resolve 
many complicated expressions into their factors. 
Ex. 1. Resolve a'+2a6+6" into its factors. 

An$. (a+b)(a+b). 
Ex. 2. Resolve n*+2n+l into its factors. 

Am. {n+l){n+l). 
Ex. 3. Resolve a*—2ab+b^ into its factors. 

Ans. (a-Tft)(a— 4). 
Ex. 4. Resolve a^—6ab+9b* into its factors. 

, Ans. (a-36)(a-36). 
Ex. 5. Resolve a'— 6' into its factors. 

Ans. (a+&)(a— 6). 
Ex. 6. Resolve a*—b* into its factors. 

Ans. (a'+y)(a'-4'). 

QvBtT.— How may complicated expresdoiiB be reiolved intfr kcton f 
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DIVISION. 

L) Division consists in findings how many times 
one quantity is contained in another. The quantity 
to be divided is oalled the dividend; and the quotient 
shows how many times the divisor is contained in the 
dividend. 

When we have obtained the quotient, we may verify 
the result by multiplying the divisor by the quotient — 
the product should be equal to the dividend. Hence 
we may regard the .dividend as the product of two fac- 
tors, viz., the divisor and quotient— of which one is 
given, that is, the divisor ; and it is required to find 
the other factor, which we call the quotient. 

Case I. 

(70.) When the divisor and dividend are both mo-' 
nomials. 

Suppose we have 72 to be divided by 8. We must 
find such a factor as multiplied by 8 will give exactly 
72. We perceive that 9 is such a number, and there- 
fore 9 is the quotient obtained when we divide 72 by 8. 

Also, if we have ai to be divided by a, it is evident 
that the quotient will be b ; for a multiplied by b gives 
the dividend ab. 

Quest. — What is the object of division ? What is the dividend T 
What is the divisor 1 What ia the quotient ? What is case fint ? 
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If we divide 60x by 5, we obtain 12a;, for 13x mul* 
tiplied by 5 gives GOx. 

So, also, 12mn divided by 3m gives 4n. 

Again, suppose we have a' to be divided by a\ We 
must find a number whioh, multiplied by a% will pro- 
duce a*. We perceive that a* is such a number ; for, 
accordiog to Art. 56, we multiply a" by a' by adding the 
ex^nents, 2 and 3 making 5. That is, the exponent 
3 of the quotient is found by subtracting 2, the expo- 
nent of the divisor, from 5, the exponent of the divi- 
dend. Hence we derive the following 

Rule op Exponents in Division. 
(71.) A power is divided hy another power of the 
same root^ by subtracting the exponent of the diyisor 
from that of the dividend. 



(4.) 





Examples. 




(1.) 


(2.) 


(3.) 


Divide a* 


a* 


V 


by a* 


a* 


V 


Quotient a* 






(5.) 


(6.) 


(7.) 


Divide A' 


a? , 


r 


by h* 


«• 


y* 


Quotient h* 







(8.) -^-- 

d o<^. 



(72.) Let it be required to divide 48a' by 6a'. "We 
must find a quantity which, multiplied by 6a', will 
produce 48a\ Such a quantity is 8a' ; for, according 
to Arts. 55 and 56, 8a'x6a' is equal to 48a*. There- 

QuKST. — How are powers divided ? 
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fore, 48a* divided by 6a' gives for a quotient 8a* ; that 
is, we have divided 48, the coeffieient of the dividend, 
by 6, the coeffieient of the divisor, and have subtract- 
ed the exponent of the divisor from the exponent of 
the dividend. 

Henoe, for the division of monomials, v^e have Ihe 
following 

Rule. 

1. Divide the coefficient of the dividend by the coef* 
ficient of the divisor. 

2. Subtract the exponent of each letter in the di* 
visor from the exponent of the same letter in the div* 
idend. 

Examples. 

1. Divide 20a;' by 4a:. Ans. Sx". 

2. Divide 26a"a; by 5a^. Ans. 5ax. 

3. Divide 16ft V by 4bx. Ans. 4bx. 

4. Divide 72a'xY by 6ay . Ans. 12a'xY. 

5. Divide 15xV by Sx'p. Ans. 5x^y. 

6. Divide lla^bx^ by 7a*x. Ans. lld'bx. 

7. Divide 846Vy* by 7b*xy\ Ans. 126Vy. 

8. Divide 48a^bc by 6a'6. Ans. Sac. 

9. Divide 36xV^* by 4xyz. Ans. 

10. Divide ASia'^bcd by 7ab. Ans. 

11. Divide 886^3^' by llby. Ans. 

12. Divide 64a*bdx^ by 8abx. Ans. 

13. Divide 99xYz' by 9xyz. Ans. 

14. Divide 27a%" by Say. Ans. 

15. Divide 96b'xy by 8bxy. Ans. 

16. Divide S^abx'^ by 6aa;. Ans. 

Quest. — Give the rule for the divinon of monomials 
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"When the division can not be exactly perfornied, the 
quotient may be expressed in the form of a fraotion, 
and this fraction may be reduced to its lowest terms 
according to a method to be explained in Art. 79. 

SiGxs IN Division. 
(73.) The proper sign to be prefixed to a quotient 
may be, deduced from the principles already establish- 
ed for multiplication, since the product of the divisor 
and quotient must be equal to the dividend. Hence, 



because +aX4'6=+a6 

, , }► therefore 

+ax— 6=-a6 

Hence we have the following 



— oft-^ — 6=+« 



Rule FOR the Signs. 
When both the dividend and divisor have the same 
sign^ the quotient will have the sign + ; when thep 
have different signsj the quotient urill have the sign — • 

Examples. ^ 

1. Divide -ISy" by 3y. 

Here it is plain that the answer must be — ^; for 
3yx-5y=-15y'. 

2. Divide AOa^bd by -5a*b. Ans. -8a*</. 

3. Divide -58a;y hy 2xY. Ans -29xy. 

4. Divide -ISaVrf^x* by -3aW. 

Ans. +6a*cd'x. 

Quest. — ^Wben the dmsion can not be exactly performed, what is 
to be done t How do we determine the proper rign to be prefixed to 
the quotient? Give the role for the ngnii 
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5. Divide Tla^Vx^rf by -la^bY^ 

Ans. — 116a!*y* 

6. Divide 966Vrf' by -8ftV. Ans. 

7. Divide -64a'6Vrf by 8a'b(P. Ans. 

8. Divide 88zYz by -llxy. il«*. 

9. Divide -72aWx* by -6aVa;\ iliw. 
10. Divide 846'cy by -126'cy. Ans. 

Case II. 

(74.) TF%en the divisor is a monomial and the div^ 
idend a polynomial. 

We have seen. Art. 57, that when a single term is 
multiplied into a polynomial, the former enters into 
every term of the latter. 

Thus, if we multiply a by a+b^ we obtain for a 
product a^+ab. 

Hence, if we divide a*+ab by a, the quotient must 
be a+6. 

Therefore, when the divisor is a monomial and the 
dividend a polynomial, we have the following 

Rule. 

Divide each term of the dividend by the divisor^ as 
in the former Case. 

Examples. 

1. Divide 3a;'+6x'+3aa;-15x by 3a;. 

Ans. a;'+2a;+a— 6. 

2. Divide 3abc+12abx-9a*b by Sab. 

Ans. c+4a;— 8a. 

QuxsT.— What is the seeond eaaet Give the rale when the dtri- 
dend is a polynomiaL 
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a Divide 40a'6*+60aW-17a6 by -a*. 

Ans. -40a»6*-60aft+17. 
1 Divide 15a"ic-10a«cx'+5aVflP by -5aV. 

.4»5. -36+2a;'-.accP. 

5. Divide 25a6'-15aAV»-10a'ft by -6a6. 

6. Divide 6a'a;y-12a*a:y+15aVy* by 3aVy". 

7. Divide 27aV+24aV-9aV by 3aa:'. 

8. Divide 12ay-16ay+20ay-28ay by -4ay. 

Ans, 

Case III. 

(75.) When the divisor and dividend are both poly^ 
nomials. 

Let it be required to divide a*+2a6+ft' by a+b. 

The object of this operation is to find a third poly- 
nomial which, multiplied by the second, will reproduoe 
the first. 

It is evident that the dividend is composed of all the 
partial products arising from the multiplication of each 
term of the divisor by each term of the quotient, these 
products being added together and reduced. Hence, 
if we divide the first term a' of the dividend by the 
first term a of the divisor, we shall obtain a term of 
the quotient, which is a. Multiplying each term of 
the divisor by a, and subtracting the product a^+ab 
firom the proposed dividend, the remainder may be re- 
garded as the product of the divisor by the remaining 

terms of the quotient. We shall then obtain another 

■ fc 1 

Quest. — What is the third case ? How do we obtain the first term 
of the qaotient ? 
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term of the quotient by dividing the first term of the 
remainder ab by the first term of the divisor a, Mhich 
gives b. Multiplying the divisor by ft, and subtract- 
ing as before, we find nothing remains. Hence a+ft 
is the exact quotient. 

The operation may be exhibited as follows : 



The dividend is a»+2aft+ft' 
a"+ aft 



a+ft is the divisor. 



a+ft is the quotient, 
aft+ft' is the first remainder. 
flft+ft' 

It is generally convenient in algebra to place the 
divisor on the right of the dividend, and the quotient 
directly under the divisor. 

In this example we have arranged the terms of the 
divisor and dividend in the order of the powers of the 
letter a. When the terms are thus arranged, we shall 
always obtain a term of the quotient by dividing the 
first term on the left of the dividend by the first term 
on the left of the divisor. Therefore, before commenc- 
ing the division, the terms should be arranged in the 
order of the powers of one of the letters. Hence we 
deduce the following 

(76.) Rule for the DnasioN op Polynomials. 

1. Arrange the terms of the dividend and divisor 
in the order of the powers of one of the letters, 

2. Divide the first term on the left of the dividena 
by the first term on the left of the divisor ; the result 
will be the first term of the quotient. 

Quest. — In what order mast we arrange the terms 7 Give tbo ral« 
for the diyision of polynomials. 
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8. Multiply the divisor by this temij and subtract 
the product from the dividend, 

4. Divide the first term of the remainder by the 
first term of the divisor ; the result will be the second 
term of the quotient, 

5. Multiply the divisor by this term, and subtract 
the product from the last remainder. Continue the 
same operation till all the terms of the dividend are 
exhausted. 

If the divisor is not exactly oontaiQed in the divi- 
dend; the quantity which remains after the division is 
finished must be placed over the divisor in the form 
of a fraction, and annexed to the quotient, 
Ex. 2. Divide a;*-a"+3a'x-3aa;' by x-a. 
We here arrange the letters in the order of the pow- 
ers of x. 



Dividend, 


Divisor, 
x —a 


a:'- ax" 


x'-2ax+a' 


-2aa;'+3a»x-a» 
-2ax'+2a'x 


Quotient. 


a^x—a* 
a^x—a* 



Ex. 3. Divide a*+2a'b+2ab'+b* by a*+ab+b\ 

Ans. a+b. 
Ex. 4. Divide 24a"-42a'x+19ax'-15a:* by 2a-3a; 

Ans. 12a'— 3arc+5a;'. 
Ex 5. Divide 6a«+17a'6+24ay+166" by 3a+4A. 

Ans. 2a'+3ab'h4b\ 

QuiBT —If there it a remainder, what mtist be done witb It f 
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Ex. 6. Divide ax'+Za*x^-M!^-Sa*xi/' by ox*— ajf*. 

Ans, sd^+xy^+Sax. 
Ex.7. Divide 2a*-5a'6+2aV+36'-26c' by a'-6. 

Ans. 2a'-36+2c*. 
^ Ex. 8. Divide a'+Ua'z'+z' by a'-oz+ar". 

Ans. a'^+a^z+az^+s^. 
^ Ex. 9. Divide a*-16aV+64x* by a"-4aa;+4a;*. 

Ex. 10. Divide a*+6aV-4a*a:+a:*-4ax' 
by a"— 2iM;+a;'. 

il«5. a*—2ax+af. 
^*^ Ex. 11. Divide x*+xy +y* by ic'+xy+y'. 

Ex. 12. Divide 12a;*-192 by 3x-6. 

Ans. 4a;'+8x'+16a?+32. 
^ Ex. 13. Divide a'+Sa'b*-3a*b'-b' 
by a'-3tf6 +3ay -y. 

ilw5. a'+3a'6+3aJ*+A'. 
<5 Ex. 14. Divide 2aV + a"6x + acx-6aW-5aAc—c* 
by ax+2ab+c. 

Ans. 2ax—3ab^c. 
Ex. 15. Divide a*+2aJ*-2a*6-46* by a-26. 

il««. a'+26'. 
y Ex. 16. Divide 4a;*-5x'+12x-3 by 2a;*+3a;-l. 
i Ans. 2x'-3rc+3. 

Ex.17. Divide 2y-19^+26y- 16 by 2y'-3y+2. • 

Ans. y— 8. 
Ex. 18. Divide a'--2aV-2a*x+4x* by a'-2a?. 

Ans. a*-2x'. 
Ex. 19. Divide a'-6' by a-ft. il«5. 
Ex. 20. Divide a*—b* by a-ft. Ans. 
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(77.) If the first term of the arranged dividend is 
not divisible by the first term of the arranged divisor, 
the complete division is impossible. So, also, the com- 
plete division is impossible when the first term of one 
of the remainders is not divisible by the first term of 
the divisor. 

QuuT. — ^When will the complete diyision be impofsiUe t 
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FRACTIONS. 

(78.) When a quotient is expressed as described in 
Art. 7, by placing the divisor under the dividend with 
a line between them, it is called a fraction ; the div- 
idend is called the numerator, and 'the divisor the de- 
nominator of the fraction. Algebraic fractions do not 
differ essentially from arithmetical fractions, and the 
same principles are applicable to both. The denomi- 
nator shows into how many parts a unit is divided; 
and the numerator shows how many of those parts are 
used ; or the denominator shows into how many parts 
the numerator is divided. ^ 

Thus, the fraction tj indicates that a unit has been 

divided into eleven equal parts, and that six of these 
parts are supposed to be taken. 

So, also, the fraction -r indicates that a unit has 

been divided into b equal parts, and that a parts are 
supposed to be taken ; or the numerator a is to be di- 
vided into b parts. 

Every quantity which is not expressed under a frac- 
tional form is called an entire quantity. 

An algebraic expression composed partly of an entire 

QuKST. — What is a fraction? What does the denominator showf 
What does the numerator show 7 What is an entire quantity f 
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quantity and partly of a fraction, is called a mixed 
quantity. * 

Problem I. 
(79.) To reduce a fraction to lowir terms. 

The fraction ^ is evidently equal to j, or g, or g, or 

j^,etc. 

« 1 XI. i^ X. 20. ,10 5 1 

So, also, the fraction ^ is equal to kq? or j^^ or «. 

a 2a 

In like manner, the fraction -r is equal to ^, or 

3a 10a ^ 
g^,or^,etc. 

That is to say, 

The value of a fraction is not changed if we mul- 
tiply or divide both numerator and denominator by the 
same number, 

„, ab abx abxy , 

Thus, — = = =o. 

a ax axy 

Hence, to reduce a fraction to lower terms, we have 
the following 

Rule. 

Divide both numerator and denominator by any 
quantity which will divide them both without a re- 
mainder. 

If the numerator and denominator are both divided 



Quest. — What is a mixed qaantity ? How may we redace a fractioD 
to lower terms 7 Give the rale. 
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until ihey no longer have any oommon factor, it is evi- 
dent that the firaotion will be reduoed to its lowest 
terms. In the oase of monomials, it is easy to detect 
the presence of a common factor ; in the case of poly- 
noihials, they may often be detected by applying the 
principle of Art. 68. 

Ex. 1, Reduce -^r- ^ its lowest terms. 







Ex. 2. 


Reduce ^ , , , to its lowest terms. 




. 4 
Ans. =-T. 
5ab 


Ex.3. 


Qadx* 
Reduce ^^ , to its lowest terms. 




ad 

Ans.-T-. 

4x 


Ex. 4. 


24afta;* 
Reduce ^^ , . to its lowest terms. 




Ans. . 

a 


Ex.5. 


Reduce ^ ,, , to its lowest terms. 




Ans. . 

a 


Ex.6. 


Reduce ^ , , ^ , , to its lowest terms. 




Ans. -7T-. 
4bc 



i^KflT. — How may we reduce a fraction to its lowest terms f 
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75ab*MX 
Ex. 7. Reduce ^^ ,,, to its lowest terms. 

^ 25b'm 
Am. ^ , , 
7a' 

ISaxY 
Ex. 8. Reduce .^ , , , to its lowest terms. 

Ans. 5 — 
Sao; 

Ex. 9. Reduce ^^ ,,, , . to its lowest terms. 

. 2aA 

mn 

« ^.v X. , 20a*b'c*m ^ .\ , 
Ex. 10. Reduce ^q ., - to its lowest terms. 
28a*bm* 

Ans. —= — . 

Ex. 11. Reduce -hc to its lowest terms. 

oumnscsf 

4:mnx 
Ans. —5 — 

100a'b*c* 
Ex. 12. Reduce ^^ ,, — r to its lowest terms. 
12ab*cx* 

25a'bd' 

2SAa*xy 
Ex. 13. Reduce ^^ , , , to its lowest terms. 
oSaVy* 

, 117a 
Ans. 



Ex. 14. Reduce ^^ . r- to its lowest terms. 

60ama;y" 



34x/ 

erms. 

15mxi/ 



Ans. . 
4a 
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\ 



4o'-f 6a* 

Ex- 15. Reduce ..^ .,, . ^ s to its lowest tenns* 
10a A + Sac 

2+3a* 
Ans. 



66'+4ac* 



12a*6+27a' c 
Ex. 16, Reduoe ^^-^ to its lowest terms. 

4a»6-f9ac 



13 

13. 1^ Tj ^ 21a*A'-35a'A* .^ , ^\^ 
Bx, 17. Reduce ^ « ,,, . g^ a,, to its lowest terms 
14a A' + 56a 6' 

, 3a'-56* 

T, ^r. T. J 26a'6«x-30a'AV. .. , 
Ex. 18. Reduoe a- .,, — ^^ -,, to its lowest tenns. 
35a6'— 45a'6* 

6a;— 6y 

7a»-9A' 

a'— ft* 
Ex. 19. Reduce , . f, , . ,, to iM lowest terms. 

This fraction may be written ^ — . \j,., . 
Rejecting the common factor a +6, we obtain 

a+b ^^ 

i a^—2ab+b* 

Ex. 20. Reduce — rr — to its lowest terms, 

a'—ft" 



This fraction may be written — — 



{a+bXa-by 
Rejecting the common factor a— ft, we obtain 

a— ft ^ 
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Problem II. 
(80.) To reduce a fraction to an entire or mixed 
quantity. 

Rule. 

Divide the numerator by the. denominator for the 

entire party and place the remainder j if any, over t/ie 

denominator for the fractional part. 

27 
Thus, -g- is equal to 27—5, which equals 6J. 

.- ax-ha* , ,^ a" 

Also, — - — =(aa;+a*)^a;=aH — . 

X X 

Examples. 

f i> J 6678 ^ 

1. iteduce — =— to an entire quantity. 

Ans.95^. 

4. iCeauce to an entire quantity. 

Ans. a^x. 

3. Reduoe - — r — to a mixed quantity. 

Ans. a — r— 

4. Reduce — -— - to an entire quantity. 

Ans. x+y. 

- -, , lOx'— 5a;+3 , . , 

O. iteduce ^ to a mixed quantity. 

3 

Ans. 2a;-l+^. 
5x 

QussT. — How may we reduce a fraction to an entire or mixed qnan- 
tity? 
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6. Redaoo gr to a mixed quantity. 

Ans. 6«-2+^, 

22aV-33aV+7aA 

7. Reduce ry-; to a mixed quantity. 

76 
Ans. 2ac-3aV4 



8. Keduce zr^ — 3 to a mixed 

8 
quantity. Ans. 3a*xy+2a"— :r^. 

Problem III. 
(81.) To reduce a mixed quantity to the form of a 
fraction. 

Bule. 

Multiply the entire part by the denominator of the 
fraction; to the product add the numerator^ with its 
proper sign^ and place the result over the given de^ 
nominator. 

^ o. . IX 3x5-f 2 15+2 17 
Thus, 3f IS equal to — ^ = — ^ — =-^. 

This result may be proved by the preceding rule. 

17 
For -g- is equal to 17-r5=«:3|. 

., , ft . ,^ aXc+b ac+b 

Also, a-^ — IS equal to = . 

c c c 

QvKST.^How may we radoce a mixed qnantitf to tiio fimn of a 
fractioiif 
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Examples. 

1. Beduoe 7| to the form of a fraction. 

Ans.^. 

2. Eeduoe x^ — to the form of a fraction. 

X 

Am. — . 

X 

dX'i'X* 

3. Reduce xH — ^ — ^ the form of a fraction. 

^ 3ax+af 

Ans. — s . 

2a 

2x-7 

4. Beduoe 5-\ — s — to the form of a fraction. 

ox 

^ 17X-7 

X a — 1 

5. Beduoe 1-| to the form of a fraction. 

a 

Ans. . 

a 

X— 3 

6. Beduce l+2x+-7 — to the form of a fraction. 

fix 

^ lOx'+ex-s 

Ans. : = . 

5x 

' a'—b 

7. Beduce a+b^ to the form of a fraction. 

X 

. ox+Ax+a— A 
Ans. . 

X 
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S. £«diioe 2ofr— 3c 1 , to the fonn of a fiaotka. 

Sty 

, 10abif-15cy+4ax^ 
^- ^ • 

7ax—3b 

9. Bedaoe llo^— 4xH — ^ to the form of a frac- 

2am 

^ 22a'c»-8awx+7ax-36 

tiooL Ans. ^ . 

2am 

10. Reduce 7-t — ,_., to tbe fonn of a fractioik 

, 7a«-44--8c' 

Problbx IV. 
(82.) To reduce fractions to a common denomina^ 
tor. 

Rule. 
MuUiply each numerator into all the denominators^ 
except its own^ for a new numerator , and all the de» 
nominators together for a common denominator. 

Examples. 

3 2 
1. Reduce -z and = to a oommon denominator. 

We have seen in Art. 79, that if both nmnerator and 
denominator are multiplied by the same number, the 
value of the fraction will not be altered. If we mul- 
tiply both the numeiator and denominator of the first 
fraction by 7, and those of the second by 5, the frais- 

QusiT.— How mwf \m ndvos fiictniw to m comm 



N 
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« 1. 21 .10 

tions beoome gg and g^, 

where both firaotions have the same denominator. 

13 5 

2. Reduce ^, -=, and = to a oommon denominator 

Proceeding according to the rulci the numerator of 



the first fraction becomes 




1X5X7= 35, 


the second " 




3x3x7= 63, 


the third " 




5x3x5= 75, 


and the common denominator be- 






comes 




3x5x7=105. 


vr ,■% • 1 <• 1 • 


35 


63 , 75 



Hence the required fractions are vj^, j^rgy and j^^ 

which are evidently equivalent to the fractions pro- 
posed. 

3. Reduce r and ^ to fractions having a common 

ad be 
denominator. Ans. t^ t^ 

Here it will be seen that the numerator and denom- 
mator of the first fraction acre both multiplied by d, 
and in the second fraction they are both multiplied by 
b. The value of the fractions, therefore, is not changed 
by this operation. 

a a+b 

4. Reduce j- and to equivalent fractions hav- 
ing a common denominator. 

- ac ab+b* 

^''bi'—bT' 

QuKST. — How does it appear that the valae of frBCti9ni is not changed 
by reducing them to a common denominator f 

E 
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5. Reduce ^, -^^ and d to fractions having a oom^ 

mtm denominator. 

9cx 4a6 6acd 
^^' 6^' 6^' "6^- 

3 2a; 4x 

6. Reduce j, -«-, and a+-^ to fractions having a 

common denominator. 

45 40a; 60a-\-48x 
^^•60' 60' 60 • 

ct Sz a — X 

7. Reduce 5, ■=-, and to fractions having a 

common denominator. 

la^+lax Qax-V%oi? 14a-14a; 
^^' 14a+14x' 14a+14a;' 14a+14a;' 

8. Reduce «, =, and y-r^ to fractions having a 

common denominator. 

5x+5x' ag+ac* 15-15a; 
^^* 16+15a;' 15+15x' 15+15a;' 

9. Reduce -kt, -^t-j a^d *<> fractions having 

a oonmion denominator. 

5abc 6abcx lOaV-106* 



Ans. 



lOb'c' lOb'c' lOb'c 



10. Reduce -^y ^, and — ^X to fractions having a 

oommon denominator. 

4ra*+4ab 5ab'+5b* 20a*+20i* 



Ans. 



20a+206' 20a-f 20*' 20a+206 ' 
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Problem Y. 
(83.) To add fractional quantities together* 

Rule. 

Meduce the fractions^ if necessary ^ to a common de- 
nominator; add the numerators together y and place 
their sum over the common denominator. 

The fraotions must first be reduced to a common 
denominator to render them like parts of unity. Be- 
fore this reduction, they must be considered as unlike 
quantities. 

Examples, 

3 2 
1. Add together = and =. 



Ans. -y"=r 



2. Add together -s and =. 



These fractions, reduced to a common denominator, 

21 20 41 

are ^^ and ^. Hence their sum is o?9 or Ify 



a Add together^ and ^. 



4. Add together ^ and k- 



. 2a+4a6 



QvssT.— How do we add fractions together f Why moft the fiao- 
be redaeed to % oommon denominator T 
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Bednoing to a oommon denominatori the fraotions 

3a: 2x 
beoome -^ and -5-. 

6 6 

5z 
Adding the numeratorsy we obtain -^ Ans. 

a c 

5. What is the sum of r- and j? 

o a 

ad+be 
Ans. — j-j— . 
oa 

6. Required the sum of tj -j, and -z,. 

, adf+bcf+bde 

^^- — w — ' 

2a 3c 

7. Required the sum of 57- and t^. 

8ad'{-9b(f 
Ans. 



12bcd 



2x %x 

%. Required the sum of 3a+-=- and a+Tj-. 

«7 



582; 

Ans. Aa+-T^. 



a b 

9. Required the stun of —rr *^d "Zlh' 

Ans.-^^:^. 

10. Required the sum of ^ and ^. 

Ans. a, 

-- ^ . , .1 i.« a— 2m , a+2m . 

11. Requured the sum of 5, — -^ — , and — 7 — * 

Ans. CL 
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^« T* .1^1 ^ma—b .na+b 

12. Required the sum of — ; — and — ; — . 
^ m+n m+n 

Problem YI. 
(84.) To subtract one fractional quantity from an- 
other. 

Rule. 
Reduce the fractions to a common denominator; 
subtract one num^ator from the other j and place their 
difference over the common denominator. 

Examples. 

5 3 

1. From = subtract -z. 

7 5 

Reducing to a common denominatori the fractions 

. 25 . 21 

become k^ and ^r^. 

oo So 

„ 25 21 4 , 

^^^^"' 35-35=35^^- 

« T, 2x -^ ^3a; 

2. From -^ subtract -=•, 

o • 

Reducing to a common denominator, the fractions 

lOx , 9x 

become -Tr=- and rr^. 

15 15 

lOx 9a; X . 

Hence, l5 "15=15 ^' 



12x 2x 

3. From — =- subtract -^. 
7 5 



60a;-21a; 39a; 
^•—35— =35- 



QuKaT.-* How do we sabtract one fraction from another 7 
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ax ax 

4, From t — subtract r—— 
b—c b+c 



a-i-b a^^b 

5. From -g" subtract — q— • 



6. From —z — subtract 



2acx 



Ans. b. 



4x "^""'--'' 7 • 

7a+21b-8bx-20x 



Ans. 
7. From subtract 



28x 



a d 

ad+bd^aC'-ad 



Ans. 

b d 

8. From 4a+- subtract 3cU+- 

c 6 



^ „ 2aa;— 7x , , ^ Sax 

9. From — ^r subtract -z — . 

2mx wm 



ad 



. be—cd 

Ans. a-^ . 

ce 



4ax— 14a;— 3aa5* 

Ans. ^ . 

Amx 

2ab 



10, From llab+2bc subtract gr— . 

, S2ab*m+6b^cm-2ab 

^^^- SbiT • 

Problem VII, 
(85.) To multiply fractional quantities together. 

Quest. — How do we maltiply fractional quantities together? 
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RULB. 

Multiply all the numerators together for a new 
numerator y and all the denominators together for a 
new denominator. 

Before demonstrating this rule, we must establish 
the two following principles : 

1. In order to multiply a fraction by any number^ 
we must multiply its numerator or divide its denom^ 
inator by that number. 

ab 
Thus, the value of the fraction — is ft. If we mul- 
' a 

a^b 
tiply the numerator by a, we obtain — , or ab; and 

if we divide the denominator of the same fraction by 
a, we also obtain ab ; that is, the original value of the 
fraction has been multiplied-by a. 

2. In order to divide a fraction by any number ^ we 
must divide its numerator or multiply its denominator 
by that number. 

a^b • 

Thus, the value of the fraction — is ab. If we di- 

a 

ab 
vide the numerator by a, we obtain — , or b ; and if 

we multiply the denominator of the same fraction by 

a, we obtain — ^, or b ; that is, the origmal value of 
a 

the fraction ab has been divided by a. 

a c 
Let it now be required to multiply 7 by -> 

Quest. — Upon what principles does this rale depend ? How do we 
multiply a fractic n by any number 7 How do we divide a fractkm by 
any number 7 
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First, let us multiply t by c. Aooording to the first 

CLC 

of the preceding principles, the product must he -r-. 

But the proposed multiplier was -^ ; that is, we have 

used a multiplier d times too great. We must there- 

ac 
fore divide the result -r^J d; and according to the 

second of the preceding principles, we obtain 

ac 

which result is the same as would have been obtained 
by multiplying together the numerators of the two 
fractions for a new numerator, and their denominators 
for a new denominator. 

If the quantities to be multiplied are mixed, they 
must first be reduced to fractional forms. 

Examples. 

1. Multiply ^ by g. Am gg. 

X 2x X* 

2. Multiply g by -5-. Ans. ^, 

4a; 2a . ^ax 

3. Multiply -=- by -r-. Ans. '-^. 

___ X ^x lOiir 

4. "Whatisthecontinuedproductof g, -«-, and-^ ? 

4x* 
Am. ^. 



6. Multiply -by ^_^^, 
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x+a 



105 



Am. 



V+ax 



2x Sab 
6. What is the continued product of — ^ — , and 



3ac, 
2b' 



7. Multiply 4^ by 5^. 

9. Multiply ^:j:^ by -^^^. 

10. Multiply 6+— by-. 

a X 

11. Multiply -^^;^ by 



6c 



6+c 



Ans, 
Ans. 



Ans,. 9ax. 
Za^bm 



5bcdn 

21a^nx^ 

f^2Vmy'' 

2ab-r^ 

bx+3cx' 

ab-\rbx 

X 

b'c+bc"' 



12. What is the continued product of re, ^^^^-^, and 



T-1 



Ans, 



x+1 
x'—x 



a+b ' ^"^' a^+ab' 

Problem VIII. 
(86.) To divide one fractional quantity by another. 

Rule. 

Invert the divisor^ and proceed as in multiplication. 

If the two fractions have the same denominator, 
then the quotient of the fractions will be the same as 
the quotient of their numerators. 

Quest. — How do we divide one fraction by another? Explain the 
reaflon of the rule. 

E2 
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3 9 

Thus it is plain that -rj is oontained in pr as often 

as 3 is oontained in 9. 

But when the two fractions have not tne same de« 
nominator, we must reduce them to this form by Prob- 
lem IV. 

a c 
Let it be required to divide t by ^ 

Reducing the fractions to a common denominator, 

we have Tj to be divided by j-z. 

It is now plain that the quotient must be represent- 
ed by the division of ad by ic, which gives 

ad 

be' 

the same result as obtained by the above rule. 

a c a d ad 

Thus. — ' — =-y— = 

' b'd b^c be 

Examples. 

K Q » 

1. Divide -= by tj. Ans. ^ or 2jf . 

X 2x 

2. Divide o V "g"- -^l^- li* 

2a Ac ad 

8. Divide-^ by -J. ^^^' 

4. Dmdo -g by -y. Am. ^. 

__..., 4a;' 5a: . 12a; 

5. Dmde -^ by -^. Ans. -^. 

a TV- J «+*v 2a . a+b 

6. Divide -rj^ by -=-. Am. -j— 



FKAcnom. 
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7. 


DiYide 


15 
a-b 


by 


5 
b' 


9. 


Divide 

DiviHa 


a—x 
6bd 
2a;' 


by 
-b 


7mn 
3b- 

X 



a*+x* ^ a+z 

,^ ^. ., x+1^ 2x 

10. Divide —g— by -g*. 

x~~b Sex 

11. Divide -Q^ by ^. 

12. Divide?^ by ^. 

c*—x* ^ c—x 



Ans. 



Ans. 



Ans. 



3b 
a-b' 

a—x 
14dmn 
2ax+2^ 

a'+x' • 



Ans.- 



x+1 



Ans, 



4x • 
x—b 



Ans. 



ec'x 

2a+x 
i^+cx+oT 



SECTION vn. 

EQUATIONS OF THE FIRST BEOBEB. 

(87.) An equation is a proposition which declares 
the equality of two quantities expressed algebraically. 

Thus, a;— 4=a— re is a proposition expressing the 
equality of the quantities x— 4 and a— a:. 

(88.) Equations are usually composed of certain 
quantities which are known, and others which are un» 
known. The known quantities are represented either 
by numbers or by the first letters of the alphabet, a, 
b, Cj etc. ; the unknown quantities by the last lettersi 
X, y, z, etc. 

(89.) A root of an equation is the value of the un- 
known quantity in the equation. 

(90.) Equations are divided into degrees, according 
to the highest power of the unknown quantity which 
they contain. 

Those which contain only the first power of the un- 
known quantity are called equations of the first de» 
gree. 

As ax+b=^cx+d. 

Those in which the highest power of the unknown 
quantity is a square, are called equations of the sec^ 
ond degree, etc. 

QuiST. — What IB an equation 7 How are known and unknown qoan 
tities represented 7 What is a root of an equation ? What is an eqna 
tion of the first degree f What is an equation of the second degree f 
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Thus 3a;'— 32^=40 is an equation of the second de* 
gree. 

(91.) To solve an equation is to find the value of 
the unknown quantity ; or to find a number which, 
substituted for the unknown quantity in the equation, 
proves the two members of the equation to be equal 
1o each other. 

(92.) The following principles are regarded as self- 
ovideiit, and are called axioms : 

1. If equal quantities be added to both members of 
an equation, the equality of the members will nol^be 
destroyed. 

2. If equal quantities be stibtracted from both mem- 
bers of an equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by 
the same number, the equality will not be destroyed. 

4. If both members of an equation be divided by 
the same number, the equality will not be destroyed. 

(93.) The unknown quantity may be combined with 
the known quantities in the given equation by the 
operations of addition^ subtraction^ multiplication^ or 
division. 

We shall consider these different cases in succession. 

I. The unknown qi^tity may be combined with 
known quantities by addition. 

Let it be required to solve the equation 
a;+6=25. 

If from the two equal quantities z+5 and 25 we 
subtract the same quantity 5, the remainders will be 

QuEST.'^Wbat is meant by solving an eqaation t Name the axioms 
employed in algebra, ^^ben known quantities are added to the on- 
known quantity, how do we solve the equation 7 
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equal, aooording to the last Article, and we shall haye 

a;+6-6=25-5, 
or z=20f the value required. 

So, also, in the equation 

subtractiiig a from each of the equal quantities x+a 
and bj the result is 

x==b—aj the value required. 
(94.) 11. The unknown quantity may be oombined 
with known quantities by subtraction. 
Let the equation be 

a;-5=15. 
If to the two equal quantities x—S and 15, the same 
quantity 5 be added, the sums will be equal according 
to Art. 92, and we have ^ 

a;-5+5=15+5, 
or a;=20, the value required. 

So, also, in the equation 

adding a to each of these equal quantities, the result 
is a;=4+a, the value required. 

From the preceding examples we conclude that 

We may transpose any term of an equation from 
one member to the other by changing its sign. 

We may change the sign of every term of an equa- 
tion without destroying the equality. 

This is, in fact, the same thing as transposing every 
term in each member of the equation. 

Quest. — When known quantities are subtracted from the unknown 
quantity, how do we solve the equation 7 /Now may the terms of an 
eqaation be transposed f What change may be made in the signs of 
the terms f 
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If the same quantity appear in each member of an 
equation affected with the same sign, it may be sup^ 
pressed. 

(95.) III. The unknown quantity may be combined 
with known quantities by multiplication. 
Let the equation be 

5a;=25. 
If we divide each of the equal quantities 5x and 25 
by the same quantity 5, the quotients will be equal, 
and we shall have 

x—5^ the value required. 
SO} also, in the equation 

ax=b^ 
^dividing each of these equals by a, the result is 

a;=-, the value required. 

From this we conclude that 
When the unknown quantity is multiplied by a 
known quantity, the equation is solved by dividing 
both members byJhis known quantity. 

(96.) rV. The unknown quantity m^ be combined 
with known quantities by division. 
Let the equation be 

z 
5 ^- 

X 

IS we multiply each of the equal quantities p and 

4 by the same quantity 5, the products will be equal, 
and we shall have 

a;=20, the value required. 

QvssT.— When may a quantity be soppraiied t When the onknown 
quantity u mnltiptied by a known quantity, how ii the equation wived f 



112 ELEMENTS OF ALOSBa^. 

So, also, in tiie equation 

multiplying each of these equals by a, the result is 
x^ab^ the value required. 

From this we oonclude that 

When the unknown quantity is divided by a known 
quantity^ the equation is solved by multiplying both 
members by this known quantity, 

(97.) V. Several terms of an equation may be /rac- 
tional. 

Let the equation be 

Multiplying each of these equals by 2, the result is 

4 8 

^=3+6- 

Multiplying each of these last equals by 3, we ob- 

24 
tain 3a;=4+-=- : 

o 

and multiplying again by 5, we obtain 

15a;=20+24, 
an equation free from fractions. 

We might have obtained the same result by multi- 
plying the original equation at once by the product of 
all the denominators. 

Thus, multiplying by 2x3x5, we have 
30a;_60 120 
2~"~3"*' 5 ' 

Quest. — Wlien the unknown quantity is divided by a known quan- 
tity, how is the equation solved ? , When several terms of an equation 
are fractional, how should we proceed 7 
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ar, rednoing, we have 

15a;=20+24, as before. 
So J also, in the equation 

multiplying successively by all the denominators, or 
by a, c, e at once, we oltain 

acez abce acde 
a " c e ' 
Canceling from each term the letter which is oom 
mon to its numerator and denominator, we have 

cex=abe+acd, 
an equation clear of fractions. 
Hence it appears that 

An equation may be cleared of fractions by multi* 
plying each member into all the denominators. 

We will now apply these principles to the solution 
of equations. 

Ex. 1. G-iven 5a;+8=4a;+10 to find the value of x. 
Transposing 4x to the first member of the equation, 
and 8 to the second member, taking csure to change 
iheir signs (Art. 94), we have 

5a;-4a;=10-8. 
Uniting similar terms, we find 

x=2. 
In order to verify this result, put 2 in the place of 
X wherever it occurs in the original equation, and we 
shall obtain 

5x2+8=4x2+10. 
That is, 10+8=8+10, 

w, 18=18, 
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Ex. 2. Griven a;— 7=^+o, to find the value of z. 



which proves that we have found the correot value 
ofx 

X X 

Multiplying every term of the equation by 5, and 
also by 3, in order to clear it of fractions (Art. 97), we 
obtain 

15a;-105=3a;+5a;. 
Hence, by transposition, Art. 94, 
15a;-3x-5a;=105, 
or, 7a;=105, 

and therefore x= -=- = 15. 

To verify this result, put 15 in the place of x in the 
original equation, and we have 

.. « 15 15 

That is, 15-7=3+5, 

or, 8=8, 

which shows that we have found the correct value of x. 

Ex. 3. Given 3aa;— 4a6=2ax--6ac, to find the val- 
ue of re in terms of b and c. 

Dividing every term by a, we have 
3a;-46=2a;-6c. 

By transposition, 

3a;-2a;=46-6c, 
or, a;=46— 6c. 

This result may be verified in the same manner as 
the preceding. 

(98.) Hence, in order to solve an equation of the 
first degree containing one unknown quantity, we have 
the following 
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Rule. 

1. Clear the equation of fractions, and perform in 
both members all the algebraic operations indicated. 

2. Transpose all the terms containing the unknown 
quantity to one side, and all the remaining terms to 
the other side of the equation, and reduce each mem^ 
her to its most simple form. 

3. Divide each member by the coefficient of the un* 
known quantity. 

Ex. 4. Given 5a:+16--7=29 to find the value of x. 

Ans. a;=4. 
Ex. 6. Griven a;+12=4a;--6 to find the value of a;. 

Ans. a;=6. 
Ex. 6. Given 7-3a;+12=25-4c-l to find the 
value of X. 

Ans. x=5. 

X X 

Ex, 7. Given 2a;+2+^=27 to find the value of x. 

Ans. a;=10. 

x 
Ex. 8. Given 3rc— ^+4=6a;— 6 to find the value 

of a;. 

Ans. a?=3. 

a; 2a; 3a; ^ 

Ex. 9. Given ^ — f+^='7"+S3 ^ fi^d the value 

ofx. Ans. x=^105. 

Ex. 10. Given a;+|+|-|=3a;-49 to find the val- 
ue of x. 

Ans. a;=30. 

QriflT^Give the rale for solving on eqaation of the first degree 
-with one unknown quantity. 
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ax — b 
Ex. 11. Given 2x-\ — «— =a;— a to find the valae 

of a. Ans. x= — -^. 

a+3 

XXX 

Ex. 12. Given -+t — =rf to find the value of a;. 
a c 

. abed 

Ans. x=', 



bc+ac—ab' 
1. 13. Given 2ax+5— 5=te+a tc 
of X. 



Ex. 13. Given 2ax+5— 5=te+a to find the value 



4a-15 

Ex. 14. Given 3x*-10a;=8a;+a;' to find the value 

^ of x. 

"ilns. a;=9. 

al(r'\-Qf) dx 

Ex. 15. Given . — ^=ac+-^ to find the value 



of x. 



Ans. «=-. 



« ^r. ^. ^—5 ^ 284— a; , /. , ,, , 
Ex. 16. Given —j—+ox= — = — to find the value 
4 5 

of X. Ans. x=9. 

Ex. 17. Given — =bc+d-] — to find the value of x 

X X 

ab-1 
Ans. x= , , , . 
bc-^d 

Ex. 18. Given 3x+~^=-5-h ^ to find the 
▼alue of X. Ans. x=7. 
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Ex. 19. Given 5aa;-24+4*a;=2ic+5c to find the 

value of Xm 

5c+2b 
Ans. z='. 



^ «.. ^. «^ 3a;- 11 5x-5 97— 7a;^ ^ ^ 
Ex. 20. Given 21+ .g =~8~"+ — o — 



5a+46-2 

^^ 3a;- 11 5x-5 

.en21+^g-=-Q- + 

the value of z. 

il«5. a;=9. 

(99.) An equation may always be cleared of frac- 
tions by multiplying each member into all the denom- 
inators, according to Art. 97. But sometimes the 
same object may bq attained by a less amount of mul- 
tiplication. 

Thus, in the preceding example, the equation may 
be 5^eared of fractions by multiplying each term by 
16" instead of 16x8x2, aM it is important to avoid 
all useless multiplication, i In general, it is sufficient 
to multiply bv tiie least commof^multiple of all the 
denominators.) 

A common multiple of two or more numbers is any 
number which they will divide without a remainder ; 
and the least common multiple is the least number 
which they will so divide. Thus 16 is the least com- 
mon multiple of 16, 8, and 2. 

Ex. 21. Given a;+^^=12-^^ to find the 

value of X. 

2a;-4 
The minus sign prefixed to the fraction — s — 

QviST.^How may an equation be cleared of fractionB with the least 
amoont of maltiplication t What ia a common multiple t W hat is the 
t common multiple of several nmnbersT 
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shows that the valne of the entire fraction is to be 

subtraoted from 12 ; and sinoe a quotient is subtracted 

by changing its sign, the equation, cleared of fracticnifl, 

will stand 

6x+9x-15=72-4a;+8, 

which gives x=5 Ans. 

„ ^^ ^. ^ x—4 . 5z+U 1 ^ , 

Ex.22 Given 3a; — ^ 4= — g j^ to find 

the value of x. 

Ans. x=7. 

r. «o ^. 17-3a; 4i;+2 ' ^ . 7x+U ^ 
Ex.23. Given — g ^^^"'^^+""^ — ^ 

find the valne of x, 

Ans. x=A. 

Ex. 24. Given —5- +2=15 k— to find the val- 
ue of X. 

Ans. a=8. 

Ex. 25. Given ^+2=13-^ fe find the val- 

ae of 0?. 

Ans. 2c=ll. 

Ex. 26. Given = — 5 — '"i'^Q"''^ *^ ^^ ^'^^ ▼iklue^ 
of X. Ans. a;=20. 

Ex. 27. Given = /T'+o^^"''' *^ ^^ **^ value 

Ovist.— What does a minw fign {refizad to a fraotioxi thowf 
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2a;— 2 3x— 1 
Ex. 28. Griven x Tj— + — «— =a?+3 to find the 



value of X. 



Ans. a;=12. 



3a;— 4 4jb— -14 
Ex. 29. Given 2a; g — = — 5 — to find the val 



ue of X. 



Ans. a;=13. 



£l'\^X b~~'X \ 

Ex. 30. Griven 3x— a+ca;=— s to find the '^• 

3 a ' ^ 



value of X. 



4a'-3J 
ilm. a;=i 



"8a+3ac-3' 



(100.) Froblebcs FRonucmo Equations of the First 
Degree containing but one Unknown Q^uantity. 

It has already l^een observed, Art. 13, that the solu- 
tion of a problem by algebra consists of two distinct 
parts: 

1st. To express the conditions of the problem alge- 
braically ; that is, to form the equation. 

2d. To solve the equation. 

(101.) The second operation has been fully explain- 
ed ; but the first is often more embarrassing to begin- 
ners than the second. Sometimes the statement of a 
problem famishes tiie equation directly ; and some- 
times it is necessary to deduce from the statement 
new conditions, which are to be expressed algebraically. 

It is impossible to give a general rule which will 
enable us to translate every problem into algebraic 

Quest. — The solution of an algebraic problem consists of what parts? 
How do we rednce a f roblem to an equation T 
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language. The ability to do this vrith facility can 
only be acquired by reflection and practice. 

(102.) In most cases, however, we may obtain the 
desired equation by applying the following 

Rule. 

Denote one of the required quantities by x ; and 
then indicate by means of the algebraic signs the 
tame operations on the known and unknown quanti^ 
ties as would be necessary to verify the value of the 
unknown quantity ^ if it were already known. 

Problem 1. What number is that to the double of 
which, if 20 be added, the sum is equal to four times 
the required number ? 

Let X represent the number required. 

The double of this will be 2x. 

This, increased by 20, should equal 4a;. 

Hence, by the conditions, 2a;+20=4a;. 

The problem is now translated into algebraic lan- 
guage, and it only remains to solve the equation in 
the usual way. 

Transposing, we obtain 

20=4a;-2a;=ac, 
and -^ 10= Xj 

or, a;=10. 

To verify this nimiber, we have but to double 10, 
and add 20 to the result ; the sum is 40, which is 
equal to four times 10, according to the conditions of 
the problem. 

Prob, 2. What number is that the double of which 
exceeds its half by 9 ? 

QussT.-— Give the rale for forming the eqaation. 
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Let x= the number required. 
Then, by the oonditionsy 

Clearing of firaotions, 

4a;~a;=18, 
or, 3a;=18. 

Hence, x=6. 

To verify this result, double 6, which makes 12, and 
diminish it by the half of 6 or 8 ; the result is 9, ac- 
cording to the conditions of the problem. 

Prob. 3. The sum of two numbers is 14, and their 
difference is 4. ^What are those numbers ? 

Let x= the least number. 

Then x+4t will be the greater number. 

The sum of these is 22; +4, which is required to 
equal 14. Hence we have 

2x+4=14. 

By transposition, 

2a;=14-4=10, 
and x=5, the least number. 

Also, a;+4=9, the greater number. 

Verification. 9+5=14 ) according to the condi- 
9—5= 4 ) tions. 

The following is a generalization of the preceding 
problem : 

Prob. 4. The sum of two numbers is a, and their 
difference b. What are those numbers ? 

Let X represent the least number. 

Then x+b will represent the greater number. 

The sum of these is 2x+bj which is required to 
equal a. Hence we have 

F 
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2z+b=a. 
By transposition, 

2z=a—bj 

<,=£Z*=|_|, the less niunber. 

a b a b 
Henoe, *+*~2"~2'''*^2'''2' ^® greater number. 

(103.) As these results are independent of any par* 
tioular value attributed to the letters a and 6, it fol- 
lows that 

Half the difference of two quantities^ added to half 
their sum^ is equal to the greater; and' 

Half the difference subtracted from half the sum is 
equal to the less. 

The expressions 5+^ and 5—^ are called formulas^ 

because they may be regarded as comprehending the 
solution of all questions of the same kind; that is, of 
all problems in which we have given the simi and dif 
ference of two quantities. 

Thus, let a=14 ) . ^, ,. ,1 

I as m the precedmg problem. 

^ a+b 14+4 ^ ^^ 

Then "^~ — 2"" ~^ *^® greater number, 

and —9—= — 9 — =5, the less number. 

So, also, we shall find, if 

Quest. — How may two quantities be determined from their gam uid 
difierence 7 What if a formula f 
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From two towns which are 68 miles dis« 
tant, two travelers set out at the same time with an 
intention of meeting. One of them goes 4 miles, and 
the other 5 miles per hour. In how many hours will 
they meet ? 

Let X represent the required number of hours. 

Then Ax will represent the number of miles one 
traveled, 

and 5x the number the other traveled ; 
and since they meet, they must together have traveled 
the whole distance. 

Consequently, 4a; + 5a; = 63. 
Hence, 9a;=63, 

or, a;=7. 

Proof, In 7 hours, at 4 miles an hour, one would 
travel 28 miles ; the other, at 5 miles an hour, would 
travel 35 miles. The sum of 28 and 35 is 63 miles, 
which is the whole distance. 

The following is a generalization of the preceding 
problem. 

Prob, 6. From two points which are a miles apart, 
two bodies move toward each other, the one at the rate 
of m miles per hour, the other at the rate of n miles 
per hour. In how many hours will they meet ? 



134 



EI.BMBMT8 OP ALOKBRA. 



'T 



Let z represent the required number of hour» 
Then mx will represent the number of miles one 

body moves, 

and nz the miles the other body moves; 

and we shall obviously have 

mx+nx=a. 



Henoei 



a;=- 



m+n 



Thit) is a general formula, comprehending the solu- 
tion of all problems of this kind. Thus : 
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We see that an infinite number of problems may be 
proposed, all similar to Prob. 5, but they are all solved 
by the formula of Prob. 6. 

Prob. 7. A bookseller sold 10 books at a certain 
price, and afterward 15 more at the same rate. Now 
at the last sale he received 25 dollars more than at the 
first. What did he receive for each book ? 

Ans. Five dollars. 

The following is a generalization of the preceding 
problem. 

Prob. 8. Find a number such that when multiplied 
successively by m and by «, the difierence of the prod- 
ucts shall be a. 

Let X represent the required number. 

Then, by the conditions of the problem, 
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Hence, 



^MyC— «a;=fl. 



x=- 



171 — n 



Tbis formula comprehends the solution of an infi- 
nite number of problems all similar to Prob. 7. Thus : 
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Pro6. 9. A gentleman dying bequeathed $900 to 
three servants. A was to have twice as much as B, 
and B three times as much as C. What were their 
respective shares ? 

Am. A received $540, B $270, and C $90, 

The following is a generalization of the preceding 
problem. 

Prob, 10. Divide the number a into three such 
parts that the second may be m times as great as the ' 
first, and the third n times as great as the second. 
a ma mna 

' l+m+mit^ l+m-^mn^ l+m-^mn 

Prob, 11. Four merchants entered into a specula- 
tion, for whicih they subscribed $9510, of which B 
paid three times as much as A, C paid as much as A 
and B, and D paid as much as C and B. What did 
each pay ? 

Let x= the number of dollars A paid. 

Then^we shall have 

a;+3a;+4a;+7a;=9510; 
whence a!;=634 dollars A paid ; 
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B paid 1902 dollars ; 
C paid 2636 « 
ud . I> paid 4438 '' 

Prob. 12. A draper bought three pieces of cloth^ 
whioh together measured 111 yards. The second 
piece was 11 yards longer than the first, and the tliird 
17 yards longer than the second. What was the length 
of each ? 

An$. 24, 35, and 52 yards respectively. 
Prob. 13. A hogshead which held 92 gallons was 
filled with a mixture of brandy, wine, and water. 
There were 10 gallons of wine more than there were 
of brandy, and as much water as both wine and bran- 
dy. What quantity was there of each ? 

An&. Brandy 18 gallons, wine 28 gallons, and water 

46 gallons. 
The following is a generalization of the preceding 
problem. 

Prob, 14. Divide the number a into three such 
parts that the second shall exceed the first by m, and 
the third shall be equal to the sum of the first and 
second. 

a~2m a-{-2m a 

Prob. 15. A farmer employed four workmen, to the 
first of whom he gave 2 shillings more than to the sec- 
ond, to the second 3 shillings more than tcnthe third, 
and to the third 4 shillings more than to the fourth; 
Their wages amounted to 32 shillings. What did 
each receive ? 

Am. They received 12, 10, 7, and 3 shillings re- 
spectively. 



^ 
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Prob. 16. A father divided a certain sum of money 
among his four sons. The third had 11 shillings more 
than the fourth, the second 16 shillings more than the ^. - 
third, and the eldest 19 shillings more than the sec- 
ond ; and the whole sum was 16 shillings more than 
6 times the sum which the youngest received. How 
much had each ? 

Ans. 34, 45, 61,. and 80 shillings respectively. 

(104.) Problems which involve several unknown 
quantities may often be solved by the use of a single 
unknown letter. Most of the preceding examples are 
of this kind. In general, when we have given the 
sum or difference of two quantities, both of them may 
be expressed by means of the same letter. For the 
difference of two quantities added to the less must be 
fequal to the greater ; and if one of two quantities be 
subtracted &om their sum, the remainder will be equal 
to the other. 

Prob, 17. At a certain election 25,000 votes were 
polled, and the candidate chosen wanted but 2000 of 
having twice as many votes as his opponent. How 
many voted for each ? 

Let a;= the number of votes for the unsuccessful 
candidate. 

Then 25,000— a:= the number the successful one 
had, 
and 25,000-a;+2000=2a;. 

Ans. 9000 and 16,000. 

The following is a generalization of the preceding 
problem. 

Quest. — When we have given the sum and difference of two quan- 
tities, how may each of them be expressed 7 
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Prob. 18. Divide the number a into two suok parts 
that one part increased by b shall be equal to m times 
the other part 

a+b ma^b 

Prob. 19. A train of cars moving at the rate of 20 
miles per hour, had been gone three hours when a 
second train followed at the rate of 25 miles per 
hour. In what time will the second train overtake 
the first? 

Let x= the number of hours the second train is in 
motion, 
and 2;+3= the time of the first train. 

Then 25a;= the number of miles traveled by the sec- 
ond train, 

and 20(a;+3)= the miles traveled by the first train. 
But at the time of meeting they must both have trav- 
eled the same distance. 

Therefore, 25a;=20x+60. 

By transposition, 

6a;=60, 
and a;=12. 

Proof, In 12 hours, at 25 miles per hour, the sec- 
ond train goes 300 miles, and in 15 hours, at 20 miles 
per hour, the first train also goes 300 miles ; that is, 
i't is overtaken by the second train. 

The following is a generalization of the preceding 
problem. 

Prob. 20. Two bodies mo\3 in the same direction 
from two places at a distance of a miles apart, the 
one at the rate of n miles per hour, the other pursuing 
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at the rate of m miles per hour. When will they 
meet? 

a 

Arts. In hours. 

7» — n 

This problem, it will be seen, is essentially the same 

as Prob. 8. 

Prob, 21.. A vintner fills a cask containing 86 gal* 

Ions with a mixture of brandy, wine, and water. ,/! > 

There are 18 gallons of water more than of brandy, 

and 14 more of wine than of water. How many kre 

there of each ? 

Ans. 12 gallons of brandy, 

30 gallons of water, 

44 gallons of wine. 

Prob, 22. A gentleman gave 34 shillings to two 

poor persons ; but he gave 4 shillings more to one than ' ^ 

to the other. "What did he give to each ? / 

Ans, 15 and 19 shillings. 

Prob. 23. What two numbers are those whose sum , 

is 66 and difference 18 ? 

Ans. 24 and 42. 

Prob. 24. Two persons began to play with equal 

sums of money. The first lost 20 shillings, the other ( 

won 28 shillings ; and then the second had twice as 

many shillings as the first What sum had each at 

first ? AnSp 68 shillings. 

Prob. 25. A farmer has two flocks of sheep, each 

containing the same number. From one of them he . ;^ 

sells 24, and from the other 129, and finds just twice 

as many remaining in one as in the other. How many 

did each flock originally contain ? 

Ans. 234. 

F2 
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Prob. 26 Divide the number 181 into two suelh 
parts that four times the greater may exceed five times 
the less by 49. 

Ans. 75 and 106. 
Prob. 27. Divide the number a into two such parts 
that HI times the greater may exoeed n times the less 
hyb. 

. ma^b na+b 

AnS. ; , ; . 

Prob. 28. A prize of 2125 dollars was divided be- 
tween two persons, A and B, whose shares were in the 
ratio of 5 to 12. What was the share of each ? 

. Ans. 

(105.) Beginners uniformly put x to represent one 
of the quantities sought in a problem ; but a solution 
may often be very much simplified by pursuing a dif- 
ferent method. Thus, in the preceding problem we 
may put x to represent one fifth of A's share. Then 
5x will be A's share, and 12a; will be B's, and we shall 
have the equation 

6a;+12a;=2125, 
and a;=125; 

consequently, their shares were 625 and 1500 dollars. 

The following is a generalization of the preceding 
problem. 

Prob. 29. Divide the number a into two such parts 
fliat the first part may be to the second as m to n. 

. ma fia 

Prob. 30. Divide the number 73 into two such parts 
QuBfT.— It it alwsji bait to repr«Mat the required quantity hj of 
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diat the diiferenoe between the greater and 77 may 
equal three times the diiferenoe between the less and 
40. 

Ans. 29 and 44. 

Prob. 31. What nmnber is that whose third part 
•xceeds its fourth part by 15 ? 

Let 12.i;= the number. 
Then 4a;-3x=15, 

or, a:=15. 

Therefore the number =12x15=180. 

The following is a generalization of the preceding 
problem. 

Prob. 32. Find a number such that when it is di- 
vided successively by m and by w, the difference of the 
quotients shall be a. 

. fnnu 

Ans. . 

fi — fn 

Prob. 33. What two numbers are as 2 to 3, to each 
of which, if four be added, the sums will be as 5 to 7 ? 

Let 2x and 3x represent the required numbers. 
Then 2a;+4 : 3a;+4 : : 5 : 7. 

But when four quantities are proportional, the pro* 
duct of the extremes is equal to the product of the 
V means. Hence 
^ 14a;+28=15a;+20. 

Therefore, a; =8. 

Ajid the required numbers are 16 and 24. 

Prob. 34. A sum of money is to be divided between 
two persons, A and B, so that as often as A receives 
9 pounds, B takes 4. Now it happens that A receives 

Quest. — How may a proportion be reduced to an equation f 



133 ELEBCBIITB OF ALGEBRA. 

20 pounds more than B. What are their respective 
shares ? 

Ans, A receives 36 pounds and B 16 pounds. 
Prob. 35. A merchant bought two casks of beer, 
one of which held exactly three times as much as the 
other. From each of these he drew four gallons, and 
then found that there were four times as many gal- 
lons remaining in the larger as in the other. How 
many were there in each at first ? 

Ans. 36 and 12 gallons respectively. 
Prob. 36. A gentleman divides two dollars among 
12 children, giving to some 18 cents each, and to tiie 
rest 14 cents. How many were there of each class ? 
Ans. 8 of the first class and 4 of the second. 
Prob. 37. A fish was caught whose tail weighed 9 
pounds. His head weighed as much as his tail and 
half his body, and his body weighed as much as his 
head and tail. "What did the fish weigh ? 

Ans. 72 pounds. 
Prob. 38. If the sun moves every day one degree, 
and the moon thirteen, and the sun is now 60 degrees 
in advance of the moon, when will they be in conjunc- 
tion for the first time, second time, and so on ? 

Ans. In 5 days, 35 days, 65 days, etc. 
Prob. 39. Divide the number 15 into two such parts 
tiiat the difference of their squares may be 45. 

Ans. 9 and 6. 
The following is a generalization of the preceding 
problem. 

Prob. 40. Divide the number a into two such parts 
that the difference of their squares may be b. 

a^-b a'+b 



Ans. 



9 



'da 
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Prob. 41. The estate of a baiikrui)t, valued at 21,000 
dollars, is to be divided among three creditors acoord« 
ing to their respective claims. The debts due to A 
and 6 are as 2 to 3, while B's claims and C's are in 
tlie ratio of 4 to 6. What sum must each receive ? 
Ans, A receives 4800 dollars ; 
B receives 7200 dollars ; 
C receives 9000 dollars. 
Prob. 42. A grocer has two kinds of tea, one worth .^ 
72, cents per pound, the other'^O cents. How many ' * 
pounds of each must be taken to form a chest of 48 
pounds which shall be worth 60 cents ? 

Ans. 30 pounds at 72 cents, and 18 pounds at 40 

cents. 
Prob. 43. A can perform a piece of work in 6 days, 
B can perform the same work in 8 days, and C can | ^ 
perform the same work in 24 days. In what time will 
they finish it if all work together ? 

Ans. 3 days. 
Prob. 44. There are three workmen, A, B, and C 
A and B together can perform a piece of work in 27 
days, A and C together in 36 days, and B and C to- 
gether in 64 days. In what time could they finish it 
if all worked together? 

A and B together can perform ^\y of the work in 

one day ; 
A and C together can perform ^V of the work in 

one day ; 
B and C together can perform ^V of ^'^ work in 
one day. 
Therefore, adding these three quantities, 
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2 A +2B+2C can perform ^V+^V+tV in one daj. 
= y'y in one day. 

Therefore, A, B, and C together can perform j'y of 
the work in one day ; that is, they can finish it in 24 
days. If we put x to represent the time in which they 
would all finish it, then they would together perform 

- part of the work in one day, and we should have 

27'*"36'^54"a;' 
Prom which equation we find re =24, Ans. 

Prob, 45. Divide the numbef 45 into four st^ch 
parts that the first increased by 2, the second dimin- 
iahea by 2, the third multiplied by 2, and the fourth 
divided by 2, shall all be equal. 

In solving examples of this kind, several unknown 
quantities are usually introduced, but this practice is 
worse than superfluous. The four parts into which 
45 is to be divided may be represented thus : 

The first, = x-2] 

second, = a; +2; 

third, = |; 

fourth, —2x] 

for if the first expression be increased by 2, the second 
diminished by 2, the third multiplied by 2, and the 
fourth divide^ by 2, the result in each case will be x. 
The sum of the four parts is 4^a:, which must equal 45. 

Hence, a;— 10. 

Therefore, the parts are 8, 12, 6, and 20. 

Prob, 46. A father, aged 54 years, has a son aged 
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9 years. In how many years will the age of the father 

be four times that of the son ? 

Ans, 6 years. 

Prob. 47. The age of a father is represented by a, 

the age of his son by b. In how many years will the / 

age of the father be n times that of the son ? 

. a—nb 
Ans. — -"Y years. 

Prob. 48. It is required to divide the number 36 
into three such parts that one half of the first, one 
third of the second, and one fourth of the third may 
be equal to each other. 

Ans, 8, 12, and 16. 
Prob. 49. Divide the number 50 into two such - 
parts that the greater increased by 5, may be to the 
less diminished by 5, as 7 to 3. 

Ans. 30 and 20. 
Prob. 50. What number is that^to which, if 1, 4, 
and 10 be severally added, the first sum shall be to 
the second as the second to the third ? 

Ans. 2. 



SECTioiy vm. 

EQUATIONS OF THE FIRST DEGREE CONTAINING TWO UN- 
KNOWN QUANTITIES. 

(106.) In the examples which have been hitherto 
given, each problem has contained but one unknown 
quantity ; or, if there have been more, they have been 
so related to eacn other, that all have been expressed 
by means of the same letter. This, however, can not 
always be done, and we are now to consider how equa- 
tions of this kind are resolved. 

(107.) If we have two equations with two rmknown 
quantities, we must endeavor to deduce from them a 
single equation containing only one unknown quanti- 
ty. We must, therefore, make one of the unknown 
quantities disappear; or, as it is termed, we must 
eliminate it. There are three different methods of 
elimination which may be practiced. 

The first is by substitution ; 
" second is by comparison ; 
" third is by addition and subtraction. 

(108.) Elimination by Substitution. 
Ex. 1. Let it be proposed to solve the system of 
equations 

Quest. — When we have two equaticms with two unknown qnanti- 
ties, how must we proceed ? What is meant by elimination 7 How 
many mnthodg of elimination are practiced 7 
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a:+y=12 ) 
a;— y=.6. ) 
From the second equation we find the value of a; m 
terms of y^ which gives 

x=y+6. 
Substituting the expression ^+6 for x in the first 
equation, it becomes 

y+6+y=12; 
from which we find that y=3 ; and since Me have al- 
ready seen that x=i/+6, we find that x=3 f 6=9. " 

To verify these values, substitute them for x and y 
in the original equations, and we shall obtain 
9+3=12, 
9-3= 6. 
Ex. 2. Again : take the equations 
2x+3t/=13 ) 
5a;+4y=22. ) 
From the first equation we find 

13-2a; 
y=-3— . 

Substituting this value of ^ in the second equation, 

it becomes 

13-2a; 
5x+4x^^g^=22, 

an equation containing only a, which, when solved, 
gives 

x=2 ; 
and this value of a;, substituted in either of the origi- 
nal equations, gives 

y=3. 
(109.) The method thus exemplified is expressed 
in the following 
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Rule. 

Find an expression for the value of one of the un- 
known quantities in either of the equations ; then sub- 
stitute this value in the place of its equal in the other 
equation. 

Ex. 3. Find the values of x and y in the equations 
Zx+y=Vi and 2x~y=2. . 

Ans, a:=3, y=4. 
Ex. 4. Find the values of x and y in the equations 
3a;-2y=ll, and 2x+5y=39, 

Ans. a;=7, y=5. 
Ex. 5. Find the values of x and y in the equations 
2a;+7y=65, and 6a;T2y=34. 

Ans. a;=8, y=7. 
Ex. 6. Find the values of x and y in the equations 
4a;+6y=84, and 8x-3y=18. 

Ans. x=6y y=10. 
Ex. 7. Find the values of x and y in the equations 
5a;- 9^^=14, and 8x-6y=56. 

Ans. a;=10, y=4. 
Ex. 8. Find the values of x and ^ in the equations 
7a;-15y=75, and 10a:+3y=156. 

Ans. a;=15, y=2. 
Ex. 9. Find the values of x and y in the equations 
8a;+7y=208, and 5a;+6y=156. 

ilw5. -a; =12, y=16. 
Ex. 10. Find the values of x and y in the equations 
10x-f8y=202, and 9x-4y=25. 

Ans. a;=9, y=14. 
Bx. 11. A market-woman sold to one boy 4 apples 

QuxsT. — Give the rule for elimination by sabstitation. 
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and 3 pears for 17 cents, and to another 7 apples and 
5 pears for 29 cents. She sold them in each case at 
the same rate. What was the price of each ? 

Ans. The apples 2, and the pears 3 cents each. 

Ex. 12. There are two brothers, A and B. If twice 

A's age be added to three times B's age, the sum will 

. be 54 ; but if twice B's age be subtracted from five 

times A's age, the remainder will be 40. What are 

their ages ? 

Ans. A is 12 years and B 10 years. 

Ex. 13. Two farmers, A and B, driving their sheep 

. to iHarket, says A to B, if you will give me half of 

7. your sheep, I shall have 75. Says B to A, if you will 

give me one third of your sheep, I shall have 75. How 

^f many had each ? 

^>- Ans. A had 45 and B had 60. 

Ex. 14. A grocer had two kinds of wine, marked A 
and B. He mixed together 3 gallons of A and 2 gal- 
lons of B, and sold the mixture at $1.35 per gallon. 
He also mixed 4 gallons of A and 6 of B, and sold the 
mixture at $1.40 per gallon. What was the value of 
«ach kind of wine ? 

Ans. A was worth $1.25 per gallon. 
B was worth $1.50 per gallon. 
Ex. 15. Find two numbers such that their sum shall 
be 42, and the greater shall be equal to five times the 
less. Ans. 7 and 35. 

(110.) Elimination by Comparison. 

Ex. 1. To illustrate this method, take the equations 
a;+y=12, 
a-y= 6. 
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Derivo from each equation an expresfsiou for as in 
terms of y^ and we shall have 
a;=12-y, 

These two values of x must be equal to each other, 
and, by comparing them, we shall obtain 

an equation involving only one unknown quantity ; 

whence we obtain 

y=3. 

Substituting this value of ^ in the expression a;='6 

+y, and we find x=9. 

Ex. 2. Again : take the equations 

2a;+3y=13, 

5a;+4y=22. 

From equation first we find 

13-2a; 
y=-3-, 

and from equation second, 

22-5* 

Putting these values of y equal to each other, we 
have 

13-2a; _ 22-5rc 
3 """T"' 
an equation containing only x ; whence, by clearing of 
fractions and transposing, we obtain 
x=2. 
Substituting this value of re in either of the preced- 
ing expressions for y, we find 
1^=3. 
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( 111.) The method thus exemplified is expressed in 
the following 

Rule. 

Find an expression for the value of the same un^ 
known quantity in each of the equations^ and form a 
new equation by putting one of these values equal to 
the other. 

Ex. 3. Find the values of x and y in the equations 
2a;+3y=22, and |-|=3. 

Ans. a;=8, y=2. 
Ex. 4. Find the values of x and y in the equations 
3a;+y=14, and 5a;— y=10. 

Ans, a;=3, y=5. 
Ex. 5. Find the values of x and y in the equations 

y 
6x+2y=43, and x— ^=5. 

Ans, x=7j y=4. 

Ex. 6. Find the values of x and y in the equations 

3a; 
4a;+5y=51, and '^+y=13, 

Ans. a;=4, y=7. 
Ex. 7. Find the values of x and y in the equations 

4x-2y=12y and |-|=2. 

Ans. x=8, y=10. 
Ex. 8 Find the values of x and y in the equations 
6a;— 9y=33, and 5a;— y=47. 

iliw. a;=10, y=3. 

QDiiT.-*Give tfao ral« for •liminatkm by oompuifon. 
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Ex. 9. Find the values of x and y in the equations 

8a?-3y=36, and |+|=6. 

Ans. x=9y y=12. 
Ex. 10. Find the values of z and y in the equations 

7a;-4y=73, and |+|=7. 

Ans. a; =15, y=8. 

Ex. 11. A boy bought 3 apples and 5 oranges for 
26 oents ; he afterward bought, at the same rate, 4 
apples and 7 oranges for 36 oents. How mueh were 
the apples and oranges apiece ? 

Ans. The apples were 2 oents and the oranges 4 
oents. 

Ex. 12. A market-woman sells to one person 6 
quinces and 4 melons for 72 cents ; and to another, 4 
quinces and 2 melons, at the same rate, for 40 cents. 
How much are the quinces and melons apiece ? 

Ans. The quinces are 4 cents and the melons 12 
cents apiece. 

Ex. 13. In the market I find I can buy 4 bushels 
of barley and 3 bushels of oats for $2 ; and, at the 
same price, 8 bushels of barley and 1 bushel of oats 
for $3. What is the price of each per bushel ? 

Ans. The barley is 35 cents and the oats 20 cents. 

Ex. 14. Six yards of broadcloth and ten yards of 
taffeta cost $56 ; and, at the same rate, eight yards 
of broadcloth and 12 yards of taffeta cost $72. What 
is the price of a yard of each ? 

Ans. The broadcloth cost $6 and the taffeta $2. 

Ex. 15. A person expends one dollar in apples and 
pears, buying his apples at 2 jfor a cent and his peara 
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at 2, 6ents a piece ; afterward he aooommodates his 
neighbor with ^ of his apples and ^ of his pears for 38 
cents. How many of each did he buy ? 

Ans, 56 apples and 36 pears. 

(112.) Elimination by Abdition and Subtraction. 
Ex. 1. To illustrate this method, take the two equa- 
tions 

2;+y=12, 

x—y= 6. 

Since the coefficients of ^ in the two equations are 

equal, and have contrary signs, we may eliminate this 

letter by adding the two equations together, whence 

we obtain 

2a:=18, 
or x= 9. 

We may now deduce the value of y by substituting 
the value of a; in one of the original equations. Sub- 
stituting in the first equation, we have 

9+y=12, 
whence y= 3. 

Since the coefficients of x are equal in the two orig- 
inal equations, we might have eliminated this letter 
by subtracting one equation from the other. Sub- 
tracting the second from the first, we obtain 

2y=6, 
or y=3. 

Ex. 2. Again : let us take the equations 
2a;+3y=13, 
5x+4y=22. 
We perceive that if we could deduce from the pro. 
posed equations two other equations in which the oo- 
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efficients of y should be eqnal, the elimination of y 
might be effected by subtracting one of these new- 
equations from the other. 

It is easily seen that we shall obtain two equations 
of the form required if we multiply all the terms of 
each equation by the coefficient of y in the other. 
Multiplying, therefore, all the terms of equation first 
by 4, and all the terms of equation second by 3, they 
become 

8j?+12y=52, 
15a?+12y=66. 
Subtracting the former of the^ equations irom the 
latter, we find 

7a?=14, 
whence 07= 2. 

In like manner, in order to eliminate a?, multiply 
the first of the proposed equations by 5, and the sec- 
ond by 2 ; they will become 

10a?+16y=65, 
10a?+ 8y=44. 
Subtracting the latter of these two equations &om 
the former, we have 

7y=21, 
whence y=3. 

(113.) This last method is eicpressed in the follow- 
ing 

BULE. 

1. Multiply or divide the equations^ if neceesaryj 
in such a manner that one of the unknovm guantUiea 
shall have the same coefficient in both. 

QuEBT. — (Hv6 the rule for elimination by edditkm and eubtraetion. 
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2. If the signs of the coefficients are the same in 
both equations f subtract one equation from the other; 
buty if the signs are unlike^ add them together. 
Ex. 3. Find the values of x and ^ in the equations 
3a;+4y=59, and 6a;+7y=102. 

Ans. a;=5, and y=ll. 
Ex. 4. Find the values of x and y in the equations 

1+1=10, and 1+1=11. 

Ans. a;=12, and y=30. 
Ex. 5. Find the values of n; and y in the equations 

|+y=16, and a;+|=12. 

Ans. a;=10, y=14. 
Ex. 6. Find the values of x and y in the equations 

5+7=7, and 3a;-|=44. 
8 4 6 

Ans. a;=16, y=20. 
Ex. 7. Find the values of x and y in the equations 

x y X y 

g-g=5, and ^+2=7. 

il»5. a;=14, y=10. 
Ex. 8. Find the values of x and y in the equations 

a;+|=21, and |+6y=62. 

il»5. a;=16, y=10. 
Ex. 9. Find the values of x and y in the equations 

1+^=4, and 1+1=13. 

Ans. 2;=12, y=20. 
Ex. 10. Find the values of x and ^ in the equations 

G 



\n 
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|+3y=^56, and |-|=2. 

Ans. a;=10, y=18, 

Ex. 11. My shoemaker sends me a bill of $9 for 1 
pair of boots and 2 pair of shoes. Some months after- 
ward he sends me a bill of $16 for 2 pair of boots 
and 3 pair of shoes. What are the boots and shoes a 
pair? 

Ans. The boots are $5 and the shoes $2. 

Ex. 12. A gentleman employs 5 men and 4 boys to 
labor one day, and pays them $7 ; the next day he 
hires, at the same wages, 8 men and 6 boys, and pays 
them $11. What are the daily wages of each? 

Ans. The men have one dollar and the boys 50 
cents. 

Ex. 13. A vintner sold at one time 15 bottles of 
port and 10 bottles of sherry, and for the whole re- 
ceived $30. At another time he sold 12 bottles of port 
and 18 bottles of sherry, at the same prices as before, 
and for the whole received $39. What was the price 
of a bottle of each sort of wine ? 

Ans. The port was $1 and the sherry $1.50. 

Ex. 14. A gentleman has two horses and one chaise. 
The first horse is worth $120. If the first horse be 
harnessed to the chaise, they will together be worth 
twice as much as the second horse. But if the sec- 
ond be harnessed, the horse and chaise will be worth 
three times the value of the first. What is the value 
of the second horse and of the chaise ? 

Ans. The second horse is worth $160 and the chaise 
$200. 

Ex. 15. A farmer bought a quantity of rye and 
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wheat fpr $18, the rye at 75 oents and the wheat at $1 
per bushel. He afterward sold ^ of his lye and ^ of 
his wheat, at the same rate, for $5. How many bush« 
els were there of each ? 

Ans. 8 bushels of rye and 12 bushels of wheat. 

(114.) The same example may be solved by either 
of the preceding methods, and each method has its 
advantages in particular cases. Grenerally, however, 
the first two methods give rise to fractional expres- 
sions which occasion inconvenience in practice, while 
the third method is not liable to this objection. When 
the coefficient of one of the unknown quantities in one 
of the equations is equal to unity, this inconvenience 
does not occur, and the method by substitution may 
be preferable ; the third will, however, commonly be 
found most convenient. The following examples may 
be solved by either of these methods. 

Ex. 1. Given 5a;+4y=68, and 3a;+7y=73, to find 
the values of x and y. 

Ans. x=8y and y=7. 

Ex. 2. Given lla;+3y=100, and 4a;-7y=4, to find 
the values of x and i/. 

Ans. x=8j y=4. 

Ex. 3. Given |+|=7, and |+|=8, to find the 

values of x and y. Ans. a;=6, y=12. 

x+2 
Ex.4. Given -g-+8y=J 

to find the values of x and y, 



Ex. 4. Given ^+8y=31, and ^+10a;=192, 



Ans a;=19, y=3. 



QvEST. — May the same example be solved by either method 1 
Which method is to be preferred 7 
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Ex. 5. Given =+-^=26, and ^-7=8, to find the 
7 3 O 4 

values of x and p. 

Ans. a:=70, y=24. 

I Ex. 6. It is required to find two numbers such that 

if half the first be added to the second, the sum will 

be 34, and if one third of the second be added to the 

first, the sum will be 28. 

Ans. The numbers are 20 and 24. 

Ex. 7. It is required to find two numbers such that 

their sum shall be 49, and the greater shall be equal 

to six times the less. 

Ans, 7 and 42. 

Ex. 8. The sum of two numbers is 33, and if 5 

times the less be taken £rom 3 times the greater, the 

remainder will be 35. What are the numbers ? 

Ans. 8 and 25. 

Ex. 9. The mast of a ship consists of two parts ; 

one sixth of the lower part, added to one half of the 

upper part, is equal to 35 feet ; and 3 times the lower 

part, diminished by 6 times the upper part, is equal 

to 30 feet. What is the height of the mast ? 

Ans. 130 feet. 

Ex. 10. Two persons, A and B, talking of their 

money, says A to B, give me one third of your money, 

and I shall have 110 dollars. Says B to A, give me 

oue fourth of your money, and I shall have 110 dollars. 

How much had each? 

Ans. A had 80 dollars and B 90 dollars. 



SECTION II. 

EQUATIONS OF THE FIRST DEGREE CONTAININQ THREE OR 
MORE UNKNOWN QUANTITIES. 

(115.) In the preceding examples of two unknown 
quantities, the conditions of each problem have fur- 
nished two equations independent of each other. In 
like maimer, if a problem involye three or more un- 
known quantities, it must furnish as many indepen- 
dent equations as there are unknown quantities. 
Ex. 1. Take the system of equations 
x+ y+z^ 9, (1.) 
2x+3y+;r=17, (2.) 
Qx+5y+z=Zl, (3.) 
In order to eliminate 2r, let us subtract equation (1) 
from equation (2) ; we thus obtain 
a;+2y=8. (4.) 
Also, subtracting equation (2) from equation (3), 
we obtain 

4a:+2y=14. (5.) 
We -have now obtained two equations (4) and (5) 
containing but two unknown quantities,' and we may 
proceed as in Section YIII. Subtracting equation (4) 
from equation (5), we find 

Quest. — ^When a problem involves three or more unknown quanti- 
ties, how many equations must it furnish 7 
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3a;=6, 
or x—2. 

Substituting this value of x in equation (4), we ob- 
tain 

y=3. 

Substituting these values of x and y in equation 
(1), we obtain 

2+3+5r=9, 
whence z=4. * 

These values of x, y, and z may be verified by sub- 
stitution in the original equations. 

(116.) We have effected the elimination in this case 
by method third, Art. 113 ; but either of the other 
methods might have been employed. Hence, to solve 
three equations containing three unknown quantities, 
we have the following 

Rule. 
Eliminate one of the unknown quantities so as to 
obtain two equations containing only two unknown 
quantities; then from these two equations deduce an^ 
other containing" only one unknown quantity. 

Ex. 2. G-iven x+ y+z=llj ^ 

4x+2y+z=21, > to find a;, y, and z. 
10x+5y+z=45, ) 

Ans. x=2, y=4, z=5. 
Ex. 3. Given x+3y+5z= 56, 1 

2x+Ay+7z= 79, > to find a;, y, and z. 
3a;+6y+95r=108, ) 

Ans. x=3, y=6, z=7. 

Quit T. — Give the role for Bolving three eqaationB with three un- 
known quantities. 
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Ex.4. (jriyen2x+3p+5z= 61,^ 

x+4y+7z^ 66, > tofiiida;,y,an(i5r. 
3x+6y+83r=104, ) 

Ans. a;=10, y=7, z=4. 
Ex. 5. Given 2x+6y+5z= 93, ^ 

4a;+3y+82r= 95, > to find x,^, and z. 
5a;+4y+9z=116, ) 

Ans. x=7, p=9j z=5. 
Ex. 6. Given x+ y+ z=29, (1.) ) ^ ^ , 

x+2,+3.=62, y p^^/^^^ 

Subtracting equation (1) from (2), we obtain 
y+2z=33. (4.) 

Clearing equation (3) of fractions, we have 

6a;+4y+3z=120. (5.) 
Multiplying equation (1) by 6, we obtain 

6a;+63^+6^=174. (6.) 
Subtracting (5) from (6), we have 

2y+2z=54. (7.) 
"We have thus obtained two equations, (4) and (7), 
ijontaining only two unknown quantities. 
Multiplying equation (4) by 2, we have 
2y+4:z=66. (8.) 
Subtracting (7) from (8), we have 

z=12. 
Substituting this value of 5r in equation (7), we obtain 

2^^+36=54, 
whence y=9. 

Substituting these values of y and z in equation (l), 
we find a;+9+12=29 

whence x=8. 
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These values may be verified as in former exam- 
ples. 
Ex, 7. Given 2a;+4y- 3^=22, ^ 

4a;— 2y+63r=i8, > to find a;, y, and z. 
6a;+7y- ar=63, ) 

il»5. a:=3, y=7, ar=4. 
Ex, 8. Given x+ y+2z=34, ^ 

2x+ y— i8r=46, > to find a;, y, and ar. 
x-2y+ z= 7, ) 

il«s. a;=20, y=8, ar=3. 

Ex. 9. Given x+2ySz=13, \ 

3x+ y+4ar=51, > to find a?, y, and z. 
ia;+Jy+j5r= 7, ) 

il«s. x=9, y=8, ar=4. 

Ex. 10. Given a:+iy+i3r=32, ^ 

4a;+iy+|2r=15, > to find a:, y, and «. 
ia;+iy+i2r=12, ) 

il«s. a;=12, y=20, z-30. 

Ex. 11. A market-woman sold to one boy 6 apples, 

9 pears, and 10 peaches for 53 cents ; and to another, 
12 apples, 4 pears, and 6 peaches for 38 cents ; and to 
a third, 8 apples, 11 pears, and 12 peaches for 66 cents. 
She sold them each time at the same rate. What was 
the price of each? 

Ans. An apple, 1 cent ; 
a pear, 2 cents ; 
a peach, 3 cents. 
Ex. 12. A market-woman sold at one time 12 eggs, 

10 apples, and a pie for 35 cents ; at another time, 10 
eggsj 16 apples, and 2 pies for 40 ceats ; and at a third 
time, 18 eggs, 12 apples, and 4 pies for 66 cents She 
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.sold these articles each time at the same rate. ~ What 
was the price of each? 

Ans. An e^, 2 cents ; 
an apple, ^ cent ; 
a pie, 6 cents. 
Ex. 13. A grocer had three kinds of wine, marked 
A, B, and C. He mixed togetiiier 10 gallons of A, 4 
gallons of B, and 2 gallons of C, and sold the mixture 
at $1.30 per gallon. He also mixed together 8 gallons 
of A, 4 of B, and 4 of C, and sold the mixtore at $1.35 
per galloiL At another time he mixed 3 gallons of A^ 
2 galloj^ of B, and 11 gallons of C, and sold the mix- 
ture at $1.50 per gallon. What was the value of each 
kind of wine ? 

Ans. A was worth $1.20 per gallon: 
B was worth 1.40 " 
C was worth 1.60 " 
Ex. 14. The sum of the distances which three per- 
sons, A, B, and C, have traveled, is 300 miles. A's 
distance added to C's is equal to twice B's ; and three 
times A's added to twice B's, is equal to seven times 
O's. What are their respective distances ? 

Ans. A's is 120 miles ; 
B's is 100 miles ; 
C's is 80 miles. 
Ex. 15. Three persons, A, B, and C, talking of their 
money, says A to B, give me half of your money, and 
I shall have $100 ; says B to C, give me one third of 
your money, and I shall have $100 ; says C to A, give 
me one fourth of your money, and I shall have $100. 
How much money had each ? 

Ans. A had $64, B had $72, and C had $84. 
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(117.) If we had four equations containing }out 
unknown quantities, we might, by the methods abready 
explained, eliminate one of the unknown quantities. 
We should thus obtain three equations between three 
unknown quantities, which might be solved according 
to Art. 116. We might proceed in a similar manner 
if we had five equations, or even a greater number. 

Either of the unknown quantities may be selected 
as the one to be first exterminated. It is, however, 
generaUy best to begin with that which has the small- 
est coefficients ; and if each of the unknown quantities 
is not contained in all the proposed equations, it is gen- 
erally best to begin with that which is found in the 
least number of equations. ' 

Ex. 16. G-iven a;+ y+ 5r+ w=14, 

2a;+ y+ z— w= 6, to find a?, y, 
' 2a;+3y— 5r+ w=14, ' z, and«#. 

a?- y+32r+4w=31, J 

Ans, x=2j y=3, 5r=4, «#=5. 

Ex. 17, Given x+ p+2z=22, ] 

2a;+3w=33, 

3y+Az=43, 

4y+5w=65, J 

Ans. x=3, y=5, 5r=7, «=9. 

Ex. 18. A market-woman sold at one time 6 eggs, 

10 apples, and a pie for 19 cents ; at another time, 10 

eggs, 24 apples, and 2 pies for 37 cents ; at a third 

time, 12 eggs, 18 apples, and 14 pears for 41 cents ; 

and at a fourth time, 12 apples, 6 pies, and 18 pears 

for 54 cents. She sold each article constantly at the 

Quest; — How do we proceed with four unknown quantitieB ? 
Which of the unknown quantities should be first exterminated? 



tofindx,^,2r, and 
u. 
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same price as at first. What was the price of each 
article? 

Ans. An egg, 1 J cents ; 
an apple, ^ cent, 
a pie, 5 cents ; 
a pear, 1 cent. 
Ex. 19. A grocer had four kinds of wine, marked 
A, B, C, and D. He mixed together 2 gallons of A, 
14 gallons of B, and 4 gallons of C, and sold the mix- 
ture at $1.42 per gallon. He also mixed together 10 
gallons of A, 5 gallons of C^ and 5 gallons of D, and / 
sold the mixture at $1.45 per gallon. At another time 
he mixed 10 gallons of B, 4 gallons of C, and 2 gal- 
lons of D, and sold the mixture at $1.50 per gallon. 
At another time he mixed together 6 gallons of A and 
12 of D, and sold the mixture at $1.60 per gallon. 
What was the value of each kind of wine ? 

Ans, A was worth $1.20 per gallon ; 
B was worth 1.40 " 
C was worth 1.60 " 
D was worth 1.80 " 
Ex. 20. It is required to find four numbers such 
that the sum of the first three shall be 30 ; the sum of 
the first, second, and fourth shall be 33 ; the sum of 
the first, third, and fourth shall be 35 ; and the sum 
of the last three shall be 37. 

Ans. 8, 10, 12, and 15. 



SECTION X. 

INYOLUTION AND POWERS. 

(118.) Involution is the process of raising a quau* 
tity to any proposed power. 

The products formed by the successive multiplica- 
tion of the same number by itself are called the pow- 
ers of that number. See Art. 26. Thus 

The first power of 3 is 3. 

The square, or second power of 3, is 9, or 3x3. 

The cube, or third power of 3, is 27, or 3x3x3. 

The fourth power of 3 is 81, or 3x3x3x3, etc., 
etc., etc. 

(119.) The exponent is a number or letter written 
a little above a quantity to the rights and denotes the 
numJfer of times that quantity enters as a factor into 
a product. See Art. 27. 

• Thus the first power of a is a\ where the exponent 
is 1, which, however, is commonly written a, the ex- 
ponent being understood. 

The second power of a is aXa^ or u', where the ex- 
ponent 2 denotes that a is taken twice as a factor to 
produce the power aa. 

The third power ol a is aXaXa^ or a', where the 

Quest. — Give the definition of the word power. Define the term 
exponent. 
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exponent 3 denotes that a is taken three times as a 
factor to produce the power aaa. 

The fourth power of a is aXaXaXa^ o\ a\ eto. 

Problem I. 

(120.) To square a monomial. 

Let it be required to raise the monomial Sab* to the 
BCGond power. 

According to the rule for the multipJication of mo- 
nomials, Arts. 55 and 56, 

{Saby=3ab'X3ab'=9a'b\ 

So, also, (4ta'bcy=^4ta'bc'x4ta'bc'=:16a*bV. 

Hence, in order to square a monomial, we have the 
following 

Rule. 

Square the coefficient and multiply the exponent of 
each of the letters by 2. 

Examples. 

1. What is the square of 7axy ? 

Ans. 49aVy*. 

2. What is the square of Ha*bccP ? 

Ans. 121aV(f(t. 

3. What is the square or8a^b*x* ? 

Ans. 64fl*6 V. 

4. What is the square of 12a^xy ? Ans. 

5. What is the square of ISab^'cx* ? Ans. 

6. What is the square of 18x*pz* ? Ans. 
(121.) We have seen in Art. 62 that + multiplied 

QuKST. — Explain the method of squaring a monomial. Give the role 
for sqnarmg a monomial. 
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by 4-, and — multiplied by — , give +. Now tlie 
square of any quantity being the product of that quan- 
tity by itself, it follows that 

Whatever may be the sign of a monomial^ its square 
will be positive. 

7. What is the square of — lOafiV ? 

Ans. +100a"6V. 

8. What is the square of -9a'6V ? 

Ans. +81a'b*c* 

9. What is the square of Idrnx^p* 1 

Ans. 
10. What is the square of -20a'bxYl 

Ans. 

Problem II. 

(122.) To raise a monomial to any power. 
Let it be required to raise the monomial 2aV to 
the fifth power. " 

According to the rules for multiplication, 
{2a'by^2a'yx2a'b'x2a'b*X2a'b'X2aV 
=32a"6"; 
where we perceive, 

1st. That the coefficient 2 has been raised to the 
fifth power. 

2d. That the exponent of each of the letters has been 
multiplied by 5. 
In like manner, 

(2a'VcY=3a'b'cX3a'b*cxSa'b*c 
=27a*6V; 
where we perceive that the coefficient 3 has been rais- 

QvxsT. — ^What will be the sign of the square ? How do we nise a 
monomial to any power? 
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ed tc the third power^ and that the exponent of eaoh 
of the letters has been multiplied by 3. 

Hence, to raise a monomial to any power, we have 
the following 

Rule. 

1. Raise the numerical coefficient to the given pow- 
er by actual multiplication. 

2. Multiply the exponent of each of the letters by 
the exponent of the power required. 

Examples. 

1. What is the cube of 6a;y V ? 

Ans. 216x*y*;r". 

2. What is the fourth power of Aab^c* ? 

ilw5. 256a*6V"? 

3. What is the fifth power of 3axY ? 

Am. 243fl V^^. 

4. What is the fourth power of Sa'bcx* ? 

Ans. 

5. What is the cube of 5a'mxY ? Ans. 

6. What is the cube of 7ab'mY ? Ans. 
(123.) We have seen that, whatever may be the sign 

of a monomial, its square is always positive. It is ob- 
vious that. the product of several factors which are all 
positive is invariably positive. Also, the product of 
an even number of negative factors is positive^ but 
the product of an odd number of negative factors is 
negative. Thus 

QvBST. — Give the rule for raiaing a monomial to any power? How 
do we determine the sign of the power f 
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— ax— aX— a=— a"; 
—ax — aX -aX — a= +a* ; 
— aX — aX —ax — aX — a= —a', 
eto., etc., etc. 
Henoe we peroeive that 

Every even power is positive^ but an odd power has 
the same sign as its root. 

7. What is the cube of -2ac*x* ? 

Ans. ~8aVa;". 

8. What is the fourth power of -lab^cry' ? 

Ans. +2401a*6'(fsr. 

9. What is the fifth power of 2c'mx' ? 

Ans. +32c"wV. 

10. What is the fifth power of 3bc*dy^ ? 

Ans. +2436*c"(fy". 

11. What is the fourth power of — 4aflPx*? 

Ans. +256a*(P'a^. 

12. What is the cube of -8aca;y ? 

Ans. -612aVa;y. 

13. What is the cube of -Aab^my" ? 

Ans. -64a*6%y. 

14. What is the fifth power of -2bc*(Px' ? 

Ans. - 

15. What is the fourth power of ScVy* ? 

Ans. 

16. What is the cube of dab^d'ni^y' ? Ans. 

17. What is the cube of lla'rf'a;"? Ans. 

18. What is the fourth power of -6a&c'my ? 

Ans. 

Quest.— What is the rule for the sign of the power? 
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19. What ia the fourth power of -10c(f xV ? 

Am. 

20. What is the fifth power of -3aVz* ? 



Problem III. 

(124.) To raise a fraction to any power. 

A. fraction is raised to a given power by multiplying 
the fraction by itself; that is, by multiplying the nu- 
merator by itself and the denominator by itself, Art. 
85. 

a 
Ex. 1. Thus the square of t is 

a a ^ fl* 

tXt, which equals t?. 

a 
2. So, also, the cube of v is 







a a a . . . . 
tXtXt, which equals 


a* 
J'- 




3. 


What ia 


1 the square of ? 


Am. 


25a*b* 


4. 


What is 


2ab* 
1 the cube ol -„— .' 


» 8a'6' 


6. 


What is 


3a' 
I the fourth power of -^ 


Ans. 


81oV 


e 


;. Whati 


2AV 

is the fifth power of 


? 

Am. '■ 


32ft»a:" 



QcBST.— 'How do we raise a ihiction to an f power? 
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3a6V 

7. What is the fourth power of — ^ — ? 

Am 

8. What is the oube of ^ ^ ? j^. 

mx 

9. What is the square of — r — ? Ans. 

10. What IS the square of ? Ans. 

ny 

Problem FV. 
(125.) To raise a polynomial to any power. 
A polynomial is raised to a given power by multi- 
plying the quantity continually by itself. 

Ex. 1. Let it be required to find the fourth power 
of a+b. 

a+ b 
a+ b 
a' 4- ab 
4- gft+y 
(a+6)"=a'+2a b+b% the second power of a+&. 
a+ b 

a'+2a'b+ ab' 
+ a'b+2ab'+b* 
(a+ft)*=a*+3a"6+3aft''+6', the third power. 

a+ b 

a*+3a'6+3a'6'+ ab* 
+ a*b+Sa'b'+3ab'+b* 
(a+bY=a*-\'4a*b+6a'b'+4ab*+b\ the fourth 
power. 

Quest. — ^How do we raise a polynomial to any power? 
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(126.) It will be observed that the number of mul- 
tiplications is one less than the exponent of the pow- 
er. Thus, to obtain the second power, we multiply 
the quantity by itself once ; to obtain the third power, 
we multiply the quantity by itself twice, etc. 

Exponents mayl)e applied to polynomials as well 
as to monomiais. Thus 

{a+by denotes the fourth power of the expression 
a+b: 

2. Find the fourth power of the binomial a— 6. 

^ a-b 
a-b 

a'- ab 
~ ab+b' 

(a— 6)*=a*— 2a 6+6% the second power of a— ft. 
a — b 

a'-2a*b+ ab* 
- g'6+2gy-y 

{a-bY=a'-3a'b+Sa V-b\ the third power. 
a — b 

a*-3a'6+3a'6'- ab' 

-- g'6+3g'y-3gy+y 

(a-&)*=a*-4a'6+6a'y-4a6»+6S the fourth 
power. 

3. What is the cube of 2a- 1 ? 

Ans. 8a"-12a'+6a-l, 

4. What is the square of a+b+c ? 

Ans. a'+b*+c*+2ab+2ac^2bc. 

QuxsT. — How does the number of xnnltiplications compare with the 
exponent of the power 7 
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6. What is the square of 2a'-3y ? 

Ans. 4a*-12aV+96*. 

6. What is the cube of 2a-3b ? 

Ans. 8a*-26a'b+54:ab'-27b\ 

7. What is the cuhe of 2ab+cd? 

Ans. 8a*b'+12a'b'cd+6abc'd'+c^(P. 

8. What is the fourth power of 3a— 6 ? 

Ans. 81a'-108a*b+5^'b'-12ab'+b\ 

9. What is the cuhe of a+b+c? 

Ans. a»+y+c"+3a6'+3iw;''+3a'6+3a'c+36c'+ 
3b^c+6abc. 

10. What is the cube of 2a-2ab+b^ ?, Ans. 

Binomial Theorem. 

(127.) By the. method already explained, any power 
of a binomial may be obtained by actual multiplica- 
tion ; but by the binomial theorem this labor may be 
greatly abridged. 

The successive powers of the binomial a+6, found 
by actual multiplication, are as follows : 

(a+by=a +b 

(a-\-by=d'+2ab+V 

(a+bY^a'+Za'b+ Zab'+V 

(a+6)*=a*+4a"6+ 6a^V+ AaV+b' 

(a^by^a'+5a'b+10a'b'+10a'V+ 5a b'+b' 

{a+by=:a'+6a'b+15a*b'+20a'b'+15a'b*+6ab'+b\ 

The powers of a— 6, found in the same manner, are 
as follows : 

QuBST. — ^What is the object of the binomial theorem 7 
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(a-6)«=a»-2a b+V 
la-by=a'-Sa'b+ ZaV-V 

{a-by=a'-5a'b+10a'V-lQa'V+5ab'-b' 
\a-by=a'-Qa'b+15a'V-20a'V-{-15a'b'-QaV+b\ 

(128.) On comparing the powers of a+b with those 
of a— ft, we perceive thai they only diifer in the signs 
of certain terms. In the powers of a+b^ all the terms 
containing the odd powers of b have the sign — , while 
the even powers retain the sign +. The reason of 
this is obvious ; for, since —6 is the only negative term 
of the root, the terms of the power can only he ren- 
dered negative by b, A term which contains the fac- 
tor —6 an even number of times, will, therefore, be 
positive ; a term which contains —6 an odd number 
of times, must be negative. Hence we conclude, 

1st. When both terms of the binomial are positive^ 
all the terms of the power are positive. 

2d. When the second term of the binomial is nega- 
tivcy all the odd terms of each power ^ counted from 
the lefty are positive^ and all the even terms negative. 

(129.) Also, we perceive that the number of terms 
in the power is always greater by unity than the ex- 
ponent of the power. Thus the second power of the 
binomial contains three terms, the third power con- 
tains four terms, the fourth power contains five terms, 
etc. 

QvKST. — ^How do the powers of a^b compare with those of a— 6 1 
What terms will be positiYe and what will be negative 7 What U the 
itamber of terms in llie power f 
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(130.) Of the ExponetUs. 

If we consider the exponents of the preceding pow- 
ers, we shall find that they follow a very simple law. 
Thus : 

In the square, the exponents j - , ^^ n' i ' 9' 

In the cube, the exponents \ ""l ^ ^"^^ ^' ?' l' ^' 

( of ft are 0, 1, 2, 3. 

In the fourth power, the ex- ( of a are 4, 3, 2, 1, 0, 
ponents ( of 6 are 0, 1, 2, 3, 4, 

etc., etc., etc. 

In the first term of each power, a is raised to the 
required power of the binomial ; and in the following 
terms the exponent of a diminishes by unity until we 
reach the last term which does not contain a. 

The exponent of ft in the second term is 1, and in- 
creases by unity in each term to the right, until we 
reach the last term in which the exponent is the same 
as that of the required power. 

(131.) The sum of the exponents of a and ft in any 
term is equal to the exponent of the given power. 
Thus, in the second power, the sum of the exponents 
of a and ft in each term is 2 ; in the third powei it is 
3 ; in the fourth power it is 4, etc. This remark wiL 
enable us to detect any error so far as regards the ex- 
ponents. 

"We hence infer that, for the seventh power, the 
terms without the coefficients must be 

a\ a% a'b\ a'b% ^'ft*, a'b% ab\ V\ 

QuxsT. — ^What are the exponents of a and h in the different poweiB f 
What law do the exponents follow? What is the sum of the expo- 
nents of a and h in any term 7 
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and for the eighth power, 

a\ a% a'b\ a'b\ a'b\ a'b% a'b% ab\ h\ 

(132.) Of the Coefficients. 

The coefficient of the first term in every power of 
a-\-b is unity. The coefficient of the second term is 
the same as the exponent of the given power ; and if 
the coefficient of any term be multiplied by the expo^ 
nent of a in that term^ and divided by the exponent 
of h increased by one^ it will give the coefficient of 
the succeeding term. 

Thus the fifth power of a+b is 

a'+5a*b+10a'b'+10a'b'+5ab'+b\ 

The coefficient of the second term is 5, which is the 
exponent of the power. Then, to find the coefficient 
of the third term, we multiply 5 by 4, the exponent of 
a in the second term, and divide by 2, which is the 
exponent of b increased by one. The quotient 10 is 
the coefficient of the third term. So, also, if 10, the 
coefficient of the third term, be multiplied by 3, the 
exponent of a, and divided by 3, the exponent of b in- 
creased by one, we obtain 10, the coefficient of the 
fourth term. Again: if 10, the coefficient of the 
fourth term, be multiplied by 2, the exponent of a, and 
divided by 4, the exponent of b increased by one, we 
obtain 5, the coefficient of the fifth term. 

The coefficients of the sixth power will also be found 
as follows : 

6X5 15X4 20X3 15x2 6x1 
^'^'"2"' 3 ' 4 ' 6 '"^5 
that is, 1,6, 15, 20, 15, 6, 1. 

Quest. — ^What law do the coefBciento follow T 
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The ooeffioieikts of the seventh power will be 

7X6 21X5 35X4 35x3 21x2 7x1 , 

that is, 

1,7, 21, 35, 35, 21, 7, 1. 

Therefore the seventh power of a+b is 
a'+7a'b+21a'b'+S5a*b'+35a'b'+2Wb*+7ab'+b\ 
(133.) The following therefore, is the 

BmoBOAL Theorem. 

In any power of a binomial a+h, the exponent of a 
begins in the first term with the exponent of the pow- 
er ^ and in the following terms continually decreases 
by one. The exponent of b commences with one in 
the second term of the power^ and continually in^ 
creases by one. 

The coefficient of the first term is one; that of the 
second is the exponent of the power; and if the coef- 
ficient of any term be multiplied by the exponent of a 
in that term^ and divided by the exponent of b increased 
by one, it will give the coefficient of the succeeding term. 

If we examine the powers of a+b in Art. 127, we 
shall find that after we pass the middle term, the same 
coefficients are repeated in the inverse order. Thus 
the coefficients of 

{a+by are 1, 5, 10, 10, 5, 1 ; 
rf («+*)• are 1, 6, 15, 20, 15, 6, 1. 

Hence it is only necessary to compute the coeffi- 
cients for Aa// the terms ; we then repeat the same 
numbers in the inverse order. 

Quest. — ^Repeat the binomial theorem* Is it necessary to compute 
all the cDe£BcientB according to the role 7 
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Examples. 
Ex. 1. Raise a+b to the 9th power. 
The tenns without the coefficients are 

a% a% a'b\ a'b% a'b\ a*b% a'b% a*b\ ab\ b\ 
And the coefficients are 
, ^ 9X8 36x7 84x6 126x5 126x4 84x3 



•t, ^, 2 ' 


3 


' 4 ' 6 ' 
36x2 9x1 
8 ' 9 ' 


6 


' 7 ' 


tiiat is, 










1,9, 36, 


84, 


126, 126, 


84, 


36, 



9, 1. 
Prefixing the coefficients, we obtain 
(a+6)»=a'+9a'6+36aV+84aW+126aW+126a*6' 
+84aW+36a'y+9aA«+y. 
It should be remembered that, according to a former 
remark, it is only necessary to compute the coefficients 
of Aa/f the terms independently. 
Ex. 2. What is the seventh power oix+y? 

Ans. 
Ex. 3. What is the sixth power of x-^a ? 

Ans. 
Ex. 4. What is the* fifth power of m+n f 

Ans. 
(134.) If the terms of the given binomial are afiect- 
ed with coefficients or exponents, they must be raised 
to the required powers according to the principles al- 
ready established for the involution of monomials. 
Ex. 5. What is the fourth power of a— 3 J ? 

Ans. 

QussT. — ^When the terms of the binomial have coefficienti or expo- 
nents, how do we pnx;eed 7 

TT 
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For oonvenience, let us substitute x for 36 / then 

(a-a;)*=a*-4a"a;+6aV-4aa;"+a;*. 
Buta;'=96'; x^^21V\ and a:*=816\ 
Substituting for x its value, we have 

Ex. 6. What is the cube of 2a--36 ? 

Ans. 8a»-36a'6+54a6'-274\ 
Ex. 7. What is the square of 5a— 76 ? 

Ans. 25a*-70a6+496\ 
Ex. 8. What is the cube of 4a;-5y ? 

Ans. 64x'-240a;V+300xy«-125y». 
Ex. 9. What is the fifth power of x—Zy? 
Ans. a:'-16xV+902;y-270xy+405xy*-243y». 
Ex. 10. What is the fourth power of 3a"-26 ? 

il«5. 81a'-216a«6+216a*6«-96aV+166\ 
Ex. 11. What is the fourth power of 2a;+5a' ? 

il«5. 16a;*+160a;V+600a;V+1000a;a'+625a\ 
Ex. 12. What is the fourth power of 2x+4y ? 

Ans. 16a;*+128a;V+384a;y+512xy*+256y*. 
Ex. 13. What is the fourth power of a-\-b-\-c? 
Substitute x for b+c; then 

(a+a:)*=a*+4a"a:+6aV+4aa;'+a;*. 
Restoring the value of Xj we have 
(a+6+c)*=a*+4a»(6+c)+6a'(6+c)'+4a(6+cV 

or, expanding the powers of 6+c, we obtain 

(a+ J+ c)*= a*+4o'6+4o'c+6a'*'+12o'6c+6aV+4a6' 

+12a6'c+12o«c'+4ac'+i'+46'c+66V+46c'+c*, 
Ex. 14. What is the fourth power of a+b—2c? 

Ans. o*+4o'6-8aV+6a'6'-24a'6c+24aV+4a*' 

-24a6'c+48aftc*-32ac'+ 6*-86'c+24iV-326c' 

+16c*. 



SECTION XI. 

fiVOLirnON AND RADICAL aUANTITIBS, 

(135.) Evolution is the prooess of finding the root 
of any quantity. 

The square^ or second power of a number, is tha 
product arising from multiplying that number by it- 
self cmce. Thus the square of 8 is 8x8, or 64; the 
square of 15 is 15x15, or 225. 

The square root of a number is that number which, 
multiplied by itself once, will produce the given num- 
ber. 

Thus the square root of 144 is 12, because 12 mul- 
tiplied by itself produces 144. 

Problem I. 

(136.) To Extract the Square Boot of Numbers. 

It EL number is a perfect square and is not very large, 
its root may generaUy be found by inspection. Thus 
the first ten numbers are 

1,2,3, 4, 5, 6, 7, 8, 9, 10; 
and their squares are 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 
Hence the numbers in the first line are the square 
roots of the corresponding numbers m the second. 

QuxsT. — What is evolution 7 What is the sqnare root of a Dumber f 
How may the root sometimeB be foand 7 
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Bat if the number is laige, the disooyery of its root 
may be attended with arane difficulty. The following 
pfinoq>les will, howeveri assist us in detecting the root. 
(137.) L For every two figures of the square there 
wUl be one figure in the root, and also one for any 
oddfigure. 

Thns the sqoare of 1 is 1 ; 
« « 9. is 81; 

« « 10 is 100; 

^ « 99 is 9801; 

«« « 100 is 10000; 

^ ^ 999 is 998001; 

« " 1000 is 1000000; 

etc., etc., etc. 
Hence we see that the square root of every number 
composed of one or two figures will contain one fig- 
ure ; the square root of every number composed of 
three or four figures will contain two figures ; the 
square root of a number composed of five or six fig- 
ures will contain three figures, etc. 

Hence, if we divide the number into periods of two 
figures, proceeding firom right to left, the number of 
figures in the root will be equal to the number of pe- 
riods. 

(138.) n. The first figure of the root will be the 
square root of the greatest square number contained 
in the first period on the left. 

Every number consisting of more than one figure 
may be regarded as composed of a certain number of 

QuBST. — How maj we know the number of figures in the nx>t f 
What will be the first figure of the root 7 How m&j the square of a 
number of two figures be decomposed 7 ^ 
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tens and a certain number of units. If we represent 
the tens by a and the units by b^ the number may be 
represented by 

a+b, 
whose square is a*+2c^+b\ 

Hence we see that the square of a number com- 
posed of tens and units contains the square of the tens 
plus twice the product of the tens by the unitSj plus 
the square of the wnits. 

Now the square of tens can give no significant figure 
in the first right-hand period ; the square of hundreds 
can give no figure in the first two periods on the right, 
and the square of the highest figure in the root can 
give no figure except in the first period on the left. 

Ex. 1. Let it be required to extract the square root 
of 2916. 

Since this number is composed of four figures, its 
root will contain two figures ; that is, it will consist 
of a certain number of tens and a certain number of 
units. Now the square of the tens must be found in 
the two left-hand figures, 29, which form the first pe- 
riod, and which we will separate from the other two 
figures by placing a point between them. .Now this 
period contains not only the square of the tens, but 
also a part of the product of the tens by the units. 
The greatest square contained in 29 is 25, whose root 
i8_5 ; hence 5 must be the number of tens whose 
square is 2500 ; and if we subtract this firom 2916, 
the remainder, 416, contains twice the product of the 
tens by the units, plus the square of tibe units. If 
then, we divide this number by twice the tens, wo 
QuBST.— Explain tlie method of eOttractmg the sqnaro root. 
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Bhall obtain the onitsy or possibly a nrimber somewhat 
too large. This quotient figore oan never be too small, 
but it may be too large, because the remainder, 416, 
besides twice the product of the tens by the units, con- 
tains the square of the units. We therefore complete 
the divisor by annexing the quotient 4 to the right 
of the 10, and then, multiplying by 4, we evidently 
obtain the double product of the tens by the units, 
plus the square of the units. The entire operation 
may then be represented as follows : 

2916 |64=the root. 

25 I 

5x2=104n4l6 

I 416 

In this operation we have, for convenience, written 
25 for 2500. The two ciphers are, however, to be re- 
garded as implied. So, also, the divisor is properly 
60x2, or 100, which is contained in 416 four times ; 
but we usually omit the last cipher in the divisor, 
calling it 5x2, or 10, and also omit the last figure of 
the dividend, leaving 41, which gives the same result 
as if all the figures were retained, for 10 is contained 
in 41 four times. 

(139.) Hence, for the extraction of the square root 
of numbers, we derive the follovnng 

Rule* 

1. Separate the given number into periods of two 
figures eachj beginning at the right hand. The first 
period on the left will often contain but one figure. 

QuifT^— Give tho rnla for'sKtracting the sqoaro root of nnmbara. 
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2. Find the greatest square contained in tlie left* 
hand period: its root will be the first figure of the 
required root. Subtract the square from the first pe- 
riod, and to the remainder bring down the second pe- 
riodfor a dividend. 

3. Double the root already found for a divisor, and 
find how many times it is contained in the dividend, 
exclusive of its right-hand figure ; annex the result 
both to the root and the divisor. 

4. Multiply the divisor, thus increased, by the last 
figure of the root ; subtract the product from the diV'- 
idend, and to the remainder bring down the next pe* 
riod for a new dividend. If the product should be 
greater than the dividend, diminish the last figure of 
the root. 

6. Double the whole root now found for a new di* 
visor, and continue the operation as before, until all 
the periods are brought down. 

Ex. 2. Find the square root of 186624. 

The operation is as follows : 

18-66-24|432 

16 I 

831 



2 66 
2 49 



862 



17 24 
17 24 



Consequently, the required root is 432. 
Ex. 3. Find the square root of 8836. 

Ans. 94. 
Ex. 4. Find the square root of 58564. 

Ans. 242. 
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Ex. 5. Find the square root of 214369. 

Ex. 6. Find tbe square root of 393129. 

Am. 627. 

Ex. 7. Find the square root of 758641. 

Ans. 871. 

(140.) If, after all the periods have been brought 
down, there is no remainder, the proposed number is a 
perfect square. But if there is a remainder, we have 
only found the entire part of the root. In this oase 
ciphers may be annexed forming new periods, eaoh of 
which will give one decimial place in the root. 

Ex. 8. Find the square root of 2972. 

The operation is as follows : 





29-7 
25 


254.516- 


104 


472 
416 


101 
10! 
10! 


35 5600 
5425 


901 
9026 


17600 
10901 


659900 
654156 



5744 Rem. 

Consequently, the square root of 2972 is 54.516, with 
a remainder of 5744. By annexing a greater number 
of ciphers, the root may be obtained to a greater num- 
ber of decimal places ; but, however far the operation 
may be carried, we shall always find a remainder. 

Quest. — 'V\^at must be done when there is a remainder after all the 
periods have been brought down t 
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Ex. 9. Find the square root of 929296. 

Ans. 964. 
Ex. 10. Find the square root of 18957316. 

Ans. 4S5^ 
Ex. 11. Find the square root of 47348161. 

Ans.688h 
Ex; 12. Find the square root of 77158656. 

Ans. 8784. 
Ex. 13. Find the square root of 88078225. 

Ans. 9385. 
Ex. 14. Find the square root of 87. 

Ans. 9.3273+. 
Ex. 15. Find the square root of 158. 

Ans. 12.5698+. 
Ex. 16. Find the square root of 523. 

Ans. 22.8691+. 
Ex. 17. Find the square root of 654. 

il«5. 25.6734+. 
Ex. 18. Find the square root of 763. 

Ans. 27.6224+. 
Ex. 19. Find the squard root of 2. 

Ans. 1.4142+. 
Ex. 20. Find the square root of 3. 

Ans. 1.7320+. 

Problem II. 
To Extract the Square Boot of Fractions. 
(141.) The second power of a fraction is obtained 
by multiplying the numerator into itself, and the de- 

a 

nominator into itself. Thus the second power of ? is 

Quest. — How do we obtain the square root of a fraction T 
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Henoe the square root of a fraction is e^fual to the 

square root of the numerator divided by the square 

root of the denominator. , 

4 2 

Ex. 1. What is the square root of 5 ? Ans. ^. 



9 
Ex. 2. What is the square root of ^ ? 



Of! 

Bx. 3. What is the square root of ^q? 



225 
Ex. 4. What is the square root of =55 ? 



o 



. 6 
Ans. =. 



Ans. ^=. 



1225 
Ex. 5. What is the square root of tqtt-? 



Ans. ^. 



Ex. 6. What is the square root of ^^ ? 

A 83 
Ans.-^. 

(142.) If either the numerator or denominator is 
not a perfect square, we may change the vulgar frac* 
turn into a dedmaly continuing the division until the 

QuxsT.— When the terms of the fraction are not perfect sqaares, how 
most we proceed ? 
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numbef of decimal places is double the number of 
places required in the root. Then extract the root 
of the decimal fraction by Art. 140. 

Ex. 7. What is the square root of y= ? 

The fraction ^j reduced to a decimal fractioiiy is 

35294117 ; the square root of which is .59408 Ans. 

g 
Ex. 8. What is the square root of = ? 

Ans. .65465. 
g 
Ex. 9. What is the square root of ^o • 

Ans. .78446. 
(143.) The square root of a mixed quantity may be 
found in the usual way, if we reduce the vulgar frac- 
tion to its equivalent decimal, and divide the number 
into periods commencing with the decimal point. 
Ex. 10. What is the square root of S\ ? 

Ans. 1.8257. 
Ex. 11. What is the square root of 10\ ? 

Ans. 3.2015. 
Ex. 12. What is the square root of 7| ? 

Ans. 2.6832. 
Ex. 13. What is the square root of 29| ? 

Ans. 5.3984. 
Ex. 14. What is the square root of 32.462. 

Ans. 6.6975. 
Ex. 15. What is the square root of 75^ ? 

Ans. 8.6849. 

QvBST.— -How may we find the square root of a mixed quantity 7 
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Ex. 16. What is the square root of 5^? ? 

Ans. 2.3639. 

g 
Ex. 17. What is the square root of ^ ? 

Ans. .77456. 

2 

Ex. 18. What is the square root of » ? 

Ans. .81649. 
Ex. 19. What is the square root of 58.614336 ? 

Ans. 7.656. 
Ex. 20. What is the square root of 9.878449 ? 

Ans. 3.143. 

Problem III. 
To Extract the Square Root of Monomials. 
(144.) According to Art. 120, in order to square a 
monomial, we must square its coefficient and multiply 
the exponent of each of its letters by 2. Hence, in 
order to derive the square root of a monomial from its 
square, we have the following 

Rule. 

1. Extract the square root of its coefficient. 

2. Divide the exponent of each letter by 2. 
Ex. 1. Thus V64a^=8a"6. 

This is evidently the true result for 

(8a'6)"=8a'6x8a*4=64a*y. 
Ex. 2. Find the square root of 81a*6*. 

Ans. 9aV. 
Ex. 3. Find the square root of 225a*6V. 

Ans. 15a*ftV. 

QuBiT. — How do we extract the iquare root of a monomia] ' 
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Ex 4. Find the square root of 361a'6V. 

Ans. 19aAV. 
Ex. 5. Find the square root of 529a'w*a;y . 

Ans. 23aw'fl;y. 
Ex. 6. Find the square root of 841a"6V£?. 

Ans. 29aWcW. 
(145.) It appears from the preceding rule that a 
monomial can not be a perfect square unless its coef* 
ficient be a square number^ and the exponent of each 
of its letters an even number. 

Thus 7a6' is not a perfect square, for 7 is not a 
square number, and the exponent of a is not an even 
number. Its square root may be indicated by the 
usual sign thus : 

^nab\ 

Expressions of this kind are called surdsy or radi- 
cals of the second degree. 

A radical quantity is the indicated root of an im- 
perfect power. 

(146.) "We have seen, Art. 121, that whatever may 
be the sign of a monomial, its square must be affected 
with the sign +. Hence we conclude that 

If a numomial be positive^ its square root may be 
either positive or negative. 

Thus V9a^=+3a", or -3a", 

for either of these quantities, when multiplied by it- 
self, produces 9a*. We therefore always affect the 
square root of a positive quantity with the double sign 
^, which is TQBjiplus or minus. 

QussT. — ^What is necessary in order that a monomial may be a per- 
fect square T What are sard quantities? What sign most we prefix 
to the square root of a monomial 7 
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Thus V4a*==fc2a*. 



V25a'6*=±5a*'. 
(147.) If a monomial be negative^ the extraotion 
of its square root is impossible, since we have just seen 
that the square of every quantity, whether positive or 
negative, is necessarily positive. 

Thus V'^j V-9, V-5a, 

are algebraic symbols indicating operations which it 
is impossible to execute. Quantities of this nature 
are called imaginary or impossible quantities, and are 
frequently met with in resolving equations of the sec- 
ond degree. 

Problem IV. 
To reduce Radicals to their most simple Forms. 
' (148.) Surds may frequently be simplified by the 
application of the following principle : the square root 
9f the product of two or m^ore factors is equal to the 
product of the square roots of those factors : 
Or, in algebraic language, 

Vab=y/aXVb; 
for each member of this equation, squared, will give 
the same quantity, viz., ab. 

Let it be required to reduce V4a to its most simple 
form. 

This expression may be put under the form y/4 
XV a. 

But v^4 is equal to 2. 

Quest. — Can we extract the square root of a negative quantity f 
What are imaginary quantities? Upon what principle may radical 
ouantitieB be simplified ? 
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Henoe \/4a= v^4x x/a=2 y/a. 

2x/a is considered a simpler form than V4a. 

Again : reduce x/48 to its most simple form. 

-•48 is equal to V16x3= x/16x x/3=4x/3. 
(149.) Henoe, in order to simplify a monomial rad- 
ical of the second degree, we have the following 

Rule. 

Separate the expression into two factors j one of 
which is a perfect square ; extract its root ; and prefix 
it to the other factor^ with the radical sign between 
them. 

In the expressions 2\/a and 4\/3, the quantities 2 
and 4 are called the coefficients of the radicals. 

To determine whether a given number contains a 
factor which is a perfect square, try whether it is di- 
visible by either of the square numbers 4, 9, 16, 25, 
36, etc. 

Examples. 

1. Reduce VlSa' to its most simple form. 

Ans. Za^/2. 

2. Reduce ^IbdfV to its most simple form. 

Ans. ^ah^VZa. 

3. Reduce -/192a'6 to its most simple form. 

Ans. 8aV3b. 



4. Reduce V486a*b*c^ to its most simple form. 

Ans. 9aVcV6a. 

QussT. — Give the rale for simplifying radical qnantitiea. What are 
ooelBcitfnts of radicals ? How may we know whether a number con> 
tarns a factor which is a square T 
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5. Reduoe V^2a*b* to its most simple form. 

Ans.^a'bV3b. 

6. Reduoe Vli25a*b(f to its most simple form. 



Ans, 15a*cV5ab. 

7. Redaoe VS42a*m*x to its most simple form. 

Ans. 7amV7ax. 

8. Redaoe V980a*6'c" to its most simple form. 

Ans. 14a Vc VSb. 

9. Redaoe '\/2560a*c*z to its most simple form. 



Ans. 16a*c V lOax. 

10. Redaoe V 1221a' b*x to its most simple form. 

Ans. lla'bVnahi. 



11. Redaoe V8Ma*b*c'' to its most simple form. 

Ans. 12a6VV66c 

Problem V. 
To add Radical Quantities together. 
(150.) Two radioals of the second degree are simS^ 
lafj when the qaantities ander the radical sign are the 
same in both. 

Thas 2y/a and 5y/a are similar radicals. 

So also are 2\/3 and 5\/3. 

Bat 2\/3 and 3x/2 are not similar radioals. 

Radicals may be added together by the following 

Rule. 
When the radicals are similar ^ add their coefficients^ 
and to the sum annex the common radical. 

Qo KST.— What are similar radicals 1 Gr ve the rale for adding radica] 
quantities. 
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But if the radicals are not similar , and can not be 
made similar by the reductions in the preceding Arti- 
clCj they can only be connected together by the sign 
of addition. 

Ex. 1. Find the sum o{2^/a and 3y/a. 

As these are similar radicals, we may unite their 
coefficients by the usual rule ; for it is evident that 
twice the square root of a, and three times the square 
root of a, make five times the square root of a.' 

Ex. 2. Find the sum of 3x/6 and 5x/6. 

Ans. 8x/6. 

Ex. 3. Find the sum of 2m y/ a and Sn^/a, 

Ans. {2m+3n)y/<i. 

Ex. 4. Find the sum of 7 V3a and 9 V2a. 

Ans. 16 V 3a. 



Ex. 5. Find the sum otmVa+b and nVa+b. 



Ans. {m+n) Va+b. 
(151.) If the radicals are originally dissimilar, they 
must, if possible, be made similar by the method of 
Art. 149. 
Ex. 6. Find the sum of x/27 and x/48. 
Here V27= ^""9x3=3 V3, 

and V48= V16x3=4 V3. 

Whence their sum is 7>/3 Ans. 
Ex. 7. Find the sum of x/18 and x/32. 

Ans. 7^2. 

Ex. 8. .Find the sum of V75 and ••108. 

Ans. ll^/3. 

QuxsT. — May radicals which appear to be dittimilar be Bometiiiiea 
nuited? 
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Ex. 9. Find the sum of V20a' and V45a\ 

Ans. Say/ 5m 

Ex 10. Find the sum of VHa^ and V96a*. 

Ans. Tay/Q. 

Ex. 11. Find the sum of '>/2Zam* and V50am*. 

Ans. 9mV2a» 



Ex. 12. Find the sum of V45a'b'x and V125a'6'x. 

il«5. 8abV5x. 
Ex. 13. Find the sum of 2x/147 and x/75. 

Ans. 19v^3. 
Ex. 14. Find the sum of v'72 and x/128. 

il»5. 14^/2. 
Ex. 15. Find the sum of v^l80 and v^405. 

Ans. 15\/5. 

Problem YI. 

To find the Difference of Radical Quantities. 

(152.) It is evident that the subtraction of radical 
quantities may be performed in the same manner as 
addition, except that the signs in the subtrahend are 
to be changed according to Art. 48. Hence we have 
the following 

Rule. 

When the radicals are similar^ subtract their coeffi- 
eientSj and to the difference annex the common radical. 

But if the radicals are not similar j and can not be 
made similar, their difference can only be indicated 
by the sign of subtraction, 

QuisT. — Give the rule for the subtraction of radical quantitiet. 
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Ex. 1. Find the difTerence between 5m>/a and 
2m y/ a. 

Ans. Zm>^a. < 
Ex. 2. Find the differenoe between laby/2 and 
3a6^/2. 

Ans. 4aby/2. 
Ex. 3 Find the difference between x/75 and x/27 

Ans. 2^/3. 
Ex. 4. Find the difference between \/150 and v'24. 

Ans. 3^/6. 
Ex. 5. Find the differenoe between x/448 and x/112. 

ilw5. 4v/7. 
Ex 6. Find the diflFerenoe between 5 x/20 and 3 v/45. 

Ex 7. Find the differenoe between 2 x/60 and x/18. 
Ex. 8. Find the differenoe between V80a*x and 



V20a*x. 
Ex. 9. 


Find the 
Find the 


Ans.2aW5x. 
difference between 2V72a' and 


n62a\ 

Ex. 10. 
V40a»i\ 


Ans. 2a ^2. 
differenoe between V490am' and 



Ans. 5m V 10a. 

Problem VII. 
(153.) To multiply Radical Quantities together. 
Let it be required to multiply y/a by y/b. 
The product, y/aX \/i, will be Vctb. 
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For if we raise each of these quantities to the seo- 
ond power we obtain the same result, ab ; hence these 
two expressions are equal. We therefore have the 
following 

Rule. 

Multiply the quantities under the radical signs to^ 
gether^ and place the radical sign over the product. 

If the radicals have coefficients j these must be muU 
tiplied together, and the product placed before the 
radical sign. 

Ex. 1. What is the product of 3x/8 and 2x/6 ? 

Ans. 6 '•48 which equals 6 V 16x3, or 24 VS. 
Ex. 2. What is th^ product of 5v/8 and 3x/5 ? 

Ans. 15v/40or30x/10. 
Ex. 3. What is the product of 2 v/3 and 3x/6 ? 

Ans. 6vl5. 
Ex. 4. What is the product of 2x/18 and Zy/20 1 

Ans. 6 V360 or 36 V 10. 
Ex. 5. What is the product of 6x/2 and 3x/8? 

Ans. 15v/16 or 60 . 
Ex. 6. What is the product of 2 V3ab and 3 V2ab ? 

Ans. 6V6a^or6a6V6. 
Ex. 7. What is the product of 7 x/5 and 5x/15 ? 

Ans. 35x/75 or 175^/3. 

Ex. 8. What is the product of 26 '>/xy and 54 -^xy? 

Ans. IQVocy. 
Ex. 9. What is the product of 2^^n and 6 V6?? 
Ans. 10 VV6V or lOahc. 

Quest. — Give the role for mnltiplyiDg radical quantities. 
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Ex. 10. What is the product of 2a V15a and 2a V3a? 
Ans. ea'V^a' or 18a V6. 

Problem YIII. ^..«- 

(154.) To divide one Radical Quantity by another. 

Let it be required to divide \/a' by \/a". 

The quotient must be a quantity which, multiplied 

by the divisor, shall produce the dividend. We thus 

obtain \/a/ for, according to Art. 153, 

y/a^X \/a= y/a* ; 

y/a* 
that is, — -i= y/a. 

y/a 

Hence we have the following 

Rule. • 

Divide one of the quantities under the radical sign 
by the other, and place the radical sign over the qua- 
tient. 

If the radicals have coefficients, divide the coeffi* 
dent of the dividend by the coefficient of the divisor^ 
and place the quotient before the radical sign. 

Ex. 1. Divide 8x/108 by 2v/6. 

Ans. 4V18 or 4V9x2, or 12 V2. 
Ex. 2. Divide 4 VOc^ by 2 V3y. 

il»5. 2V2a*or2«V2. 
Ex. 3. Divide VlOa' by V5. 

Ans. •/2a' or aV2. 
Ex. 4. Divide Aab y/21 by y/1. * 

Ans. 4ai^3. 

QuxsT. — Givfl the rule for the division of radi(!ftl quantitieB. 
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Ex. 5. Divide 16a J V 6^ by 56 V2y. 

Ans. SaV^c. 

Ex. 6. Divide V20z' by Vlix. 

Ans. V4x" or 2x. 
Ex. 7. Divide 6a V48x* by 3 V4?. 



ilw5. 2a V12x" or 4axV3, 



Ex. 8. Divide 24 a6V12ax by 12a6y3a. 

Ans. 2b VAx or 44x/x. 
Ex. 9. Divide 6aV50? by 3a V5x. 

J.W5. 2aVl0x* or 2ax*V10. 



Ex. 10. Divide 14a'6\/72aW by 7aV8ab. 

Ans. 2abV9ab or dabVlS. 
Ex. 11. Divide 6a'6"cV28 by 2av/7. 

ilws. 3a6"cV4 or 6abV. 
Ex. 12. Divide 30aW'27a by 15abV3a. 

Ans. 2a6V9 or 6ab\ 

PROBLEAf IX. 

To Extract the Square Root of a Polynomial. 
(155.). In order to discover a method for extracting 
the square root of a polynomial, let us consider the 
square of a+6, which is a'+2a6+6*. If we write the 
terms of the square in such a manner that the powers 
of one of the letters, as a, may go on continually de- 
creasing, the first term will be the square of the first 
term of the root; and since, in the present case, the 
first term of the square is a^, the first term of the root 
must be a. 

Quest.— Explain the method of extracting the square root of a pjlj- 
nomial. 
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Having found the first term of the root, we must 
consider the rest of the square, namely, 2ab+b\ to see 
how we can derive from it the second term of the root. 
Now this remainder, 2a6+6', may be put under the 
form {2a+b)b ; whence it appears that we shall find 
the second term of the root if we divide the remaindei 
by 2a -hb. The first part of this divisor, 2a, is double 
of the first term already determined ; the second part, 
bj is yet unknown, and it is necessary at present to 
leave its place empty. Nevertheless,/we may com- 
mence the division, employing only the term 2a ; but 
as soon as the quotient is found, which in the present 
case is 6, we must put it in the vacant place, and thus 
render the divisor complete. 

The whole process, therefore, may be represented as 
follows : 

a*+2ab+b^\ a+6 =the root, 
a' 



2a+ft=the divisor. 



2ab+b'l 
2ab+b' 
(156.) Hence, to extract the square root of a poly- 
nomial, we have the following 

Rule. 

1. Arrange the terms in the order of the powers of 
some one letter ; take the square root of the first term 
for the first term of the required root, and subtract 
its square from the given polynomial. 

2. Divide the first term of the remainder by double 
the root already found, and annex the result both to 
the root and the divisor. 

Qdbst. — Give the rule for extracting the tqiiare root of a polynomiai. 
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3. Multiply the divisor thus increased by the last 
term of the rooty and subtract the product from the 
last remainder. 

4. Double the terms of the root already foimd for 
a new divisor, and divide the first term of the remain^ 
der by the first term of the divisor, and annex the re- 
sult both to the root and. the divisor. 

5. Multiply the divisor thus increased by the last 
term of the root, and subtract the product from the 
last remainder. Proceed in the same manner to find 
(he additional terms of the root. 

Ex. 1. Required the square root of the polynomial 
a*+2a"a;+3aV+2ax"+a;*. 

The operation may be represented as follows : 
a*+2g'a;+3aV+2fla;'+a; >'+ga;+a;' =the root, 
a* 



2a'a;+3aV 
2a*x+ aV 



2a*+fl!B^the first divisor, 



2aV+2aa;"+x* 
2aV+2aa;"+a;* 



2a*+2ax+x* = the second 
divisor. 



The terms of the polynomial being arranged in the 
order of the powers of the letter a, we extract the 
square root of a* and obtain a', which is the first term 
of the root. Having subtracted a* from the given 
polynomial, we divide 2a*x, the first term of the re- 
mainder, by 2a", and obtain +axj which is the second 
term of the root, which we annex both to the root and 
also to th* divisor. "We then multiply the complete 
divisor, 2a^+ax, by ax, and subtract the product from 
the last remainder. We now double the terms of the 
root a*+ax, and 6btain 2a*+2ax for a new divisor. 
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» 

Dividing 2aV by 2a% we obtain x*, the third tenn of 
the root, which we annex both to the root and to the 
divisor. Multiplying the complete divisor by 31?^ and 
sabtracting firom the last remainder, nothing remains. 
Therefore cf+ax+a? is the required root. 

For verification, multiply the root by itself, and wo 
shall obtain the original polynomial. 

Ex. 2. Required the square root of the polynomial 
a*-2a'a;+3aV-2ax'+x\ 

Ans. a'— flKc+a;'. 
Ex. 3. Required the square root of the polynomial 
a*-4a'x+6aV-4aa;'+x\ 

Ans. a*-'2ax+a^. 
Ex. 4. Required the square root of the polynomial 
at+4a"a;+4aV-12ax-6a'+9. 

Ans. a'+2aa;— 3. 
Ex. 5. Required the square root of the polynomial 
a*-4a"6+8ay+4iV 

Ans. a*-2ai-2i*. 
Ex. 6. Required the square root of the polynomial 
4x*+8ax'+4aV+16bV+16ab'x+16b\ 

Ans. 2a;'+2flKC+4y. 
Ex. 7. Required the square root of the polynomial 

Ans. 3x»-2a;'+a;-l. 
Ex. 8. Required the square root of the polynomial 
a*+2ab+2ac+b'+2bc+(^. 

Ans. a+b+c. 
fix. 9. Required the square root of the polynomial 
4x*-i2x*+13x*'-6x+l. 

Ans. 2sf-'Zx+l. 

QussT.— How may the retalt obfained be yerififld? 

T 



194 ELBBCENTS OF ALGEBEA. 

Ex. 10. Required the square root of the polynomial 
a*+2a»+3a*+4a"+3a*+2a+l. 

Ans. a*+a* Va+l. 

(157.) No binomial can be a perfect square. For 
•the square of a monomial is a monomial; and the 
square of a binomial consists of three distinct terms, 
whioh do not admit of being reduced to a less num- 
ber. Thus the expression 

is not a perfect square ; it wants the term =k2a6 to 
render it the square of adtb. This remark should be 
continually home in mind, as beginners offcen put the 
square root of a*+i' equal to a+b. 

(158.) A trinomial is a perfect square when two 
of its terms are squares, and the third is the double 
product of the roots of these squares. Thus 
the square of a+b is a'+2a6+i% 
and the square of a—b is a'— 2ai+6'. 

Therefore the square root of a*±2ai+i' is adtb. 

(159.) Hence, to obtain the square root of a trinomial 
when it is a perfect square, we have the following 

Rule. 

Extract the roots of the two terms which are eom- 
plete squares, and connect them by the sign of the 
other term. 

Ex. 11. Required the square root of a'+4ai+4A*. 
The two terms a' and 4tb* are complete squares, and 

Quest. — Why can not a binomial be a perfect square? When ii a 
trinomial a perfect sqiiare ? Give the rale for the square root of a 
trinomial. 
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die fhird term, 4abj is twice the product of the roots 
a and 2b; hence a+2b is the root required. 

Ex. 12. Required the square root of 9a*— 24a6+166*. 

Ans, 3a— 46. 
Ex. 13. Required the square root of da^—SOa'b 
+25a'i'. Ans. 

Ex. 14. Required the square root of 4a'+20a6+3i*. 

Ans. 
* Ex. 15. Required the square root of 16a*-26a*i* 
+49a'i*. Am. 

Ex. 16. Required the square root of 64a*— 496\ 

Ans. 
There are other roots which may be obtained by 
Buccessiye extractions of the square root. Thus, 
The fourth root is equal to the square root of the 

square root. 
The eighth root is equal to the square root of the 

fourth root, &c. 
Ex. 17. Required the fourth root of 81a*-216a"i 
+216a'i'-96a4"+166*. Ans. Sa-2b. 

Ex. 18. Required the fourth root of 16a*+i*+a;* 
+24a'6' + 24aV + 66V + 32a'6-32a"a;+8ay-8aa:' 
-4i"x-46a;*-48a'te-24aya;+24ate'. 

Ans. 2a+b-'X. 
Ex. 19. Required the fourth root of 16y*+ 128^*3; 
+38iy'af +512yx'+256x\ Ans. 2y+^x. 

Ex. 20. Required the fourth root of 16a*+160aW 
+600a'6*+1000a6*+6256'. Ans. 2a+5b\ 



SECTION in. 

EQUATIONS OF THE SECOND DEGREE. 

(160.) An equation of the second degree is one in 
which the highest power of the unknown quantity is 
a square. 

Thus, 4a;'+6a;=28, 

and aa?+bx-=c, 

are eqaations of the seoond degree. 

(161.) Equations of the second degree are divided 
into two classes. 

I. Equations which contain only the square of the 
unknown quantity and known terms. These are called 
incomplete equations. 

Of this description are the equations 
3a;'+12=150 ; ««'=&, etc. 

II. Equations which contain both the first and sec- 
ond powers of the unknown quantity, together with 
known terms. These are called complete equations. 

Of this description are the equations 

x'— 10a;=7 ; aa;'+te=c, etc. 

INCOMPLETE EQUATIONS OF THE SECOND DEGREE. 

(162.) Every incomplete eqi^ation of the second de- 
gree can be reduced to an equation containing but 
two terms. 

Quest. — What is an equation of the second degree? What are in- 
eomplete eqoaticns of the second degree? What are cotnplete eqna 
tnms ? Every incomplete equation can be redaced to what form ? 
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Thus, take the equation 

By transposition, we obtain 
x'=16. 
Again : take the equation 

a;' o.5^'_7 .299 
3 "^"^ 12 ""24""^"^ 24- 
Clearing the equation of fractions, we obtain 

8rc'-72+10rc'=7-24ai"+299. 
Transposing terms, we obtain 

24a;'+8a;*+10a;*=7+299+72 ; 
and uniting similar terms, we have 

42a;'=378; 
cnr, dividing each member by 43, 
x'=9. 
Hence every incomplete equation of the second de- 
gree can be reduced to an equation of the form 

and, for this reason, incomplete equations are some- 
times called eqtuUions of two terms. 

(163.) If we extract the square root of each mem 
ber of this equation, we obtain 

Hence, to solve an incomplete equation of the seo- 
ond degree, we have the following 

BiULE. 

Find the value of x\ and extract the square root 
of both members of the equations 

QuxsT.— Why are incomplete equatxeos called equations of two 
terms 7 Give the role for solving an incomplete equation. 
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Ex. 1. Whafc is the value of x in the equation 

5a;*-18=3a:'+14? 
Transposing terms, we have 

6a;*-3x'=14+18. 
Reducing, 2x*=32, 

or a;*=16. 

Extracting the square root, 
X =4. 
This value may be verified by substitution in the 
original equation. We thus obtain 

6X 4*-18=3x 4*+14, 
or 5x16-18=3x16+14; 

that is, 62=62. 

It should, however, be observed, that the square 
root of 16 is either +4 or —4, for — 4x —4=16 ; see 
Art: 62. And this value may also be verified by sub- 
stitution in the original equation. 

(164.) A root of an equation is the value of the un- 
known quantity in the equation. The preceding equa- 
tion has two roots, viz., +4 and —4, and universally 
we shall find, 

1st. Every incomplete equation of the second de- 
gree has two roots. 

2d. These roots are numerically equals but have 
contrary signs. 

Ex. 2. What are the values of x in the equation 

a;»-17=130-2a;«? 
By transposition, 3a;' =147. 

QussT. — ^What is a root of an equation 7 How many roots.has an in- 
, oomplete equation of the second degree 7 What relation have these 
roots to each other? 
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Therefore a;*=49, 

and a; =+7 or —7. 

Ex. 3. What are the values of re in the equation 
7a;'-24=4a;'+51? 

Ans. x=+5 or —5. 
Ex. 4. What are the values of x in the equation 
6a;'-48-2a;'=96? 

Ans. x=+6 or —6. 
Ex. 5. What are the values of x in the equatioD 

4 

Ans. rc=+8 or —8. 
Ex. 6. What are the values of a; in the equation 

Ans. x=+3 or —3. 
Ex. 7. What are the values of x in the equation 

Ans. a;=+10 or —10. 

Ex. 8. What are the values of x in the equation 

a;'+a*=5a;'? _ 

Vab Vab 
Ans. a;=H — ^ or 5—. 

Ex. 9. What numter is that Which, being multi 
plied by itself^ gives the product 256 ? 

^ ^ - ^- ^ <- Ans. +16 or -16. 

Ex. 10. What number is that the third part of 
«rhose square being subtracted from 18, leaves a re- 
mainder equal to 6 ? 

Ans. +6 or —6. 
Ex. 11. A boy, being asked his age, answered that 
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if it were multiplied by itself, and &om the product 
108 were subtracted, the remainder would be tiie 
square of half his age What was his age ? 
^yX Ans. 12 year». 

. ^ tex. 12. What two numbers are those whose sum 
is to the greater as 10 to 7, and whose sum, multi- 
plied by the less, produces 270 ? 
Let lOo; represent the sum. 
Then 7x will represent the greater number, 
and 3x will represent the less. 

Whence 30a;'=270, 

and ' a;"=9 ; 

therefore x ==3, 

and the numbers are '21 and 9. 

Ex. 13. What two numbers are those which are to 
each other as 4 to 5, and the difference of whose 
squares is 81 ? 

Let 4x and 5x represent the numbers. 

Ans. 12 and 15. 
Ex. 14. What two numbers are those whose differ- 
ence is to the greater as 2 to 9, and the difference of 
whose squares is 128 ? 

Let dx and 7x represent the two numbers. 

Ans. 18 and 14. 
^ Ex. 15. What two numbers are those which, are 
to each other as 2 to 3, and the sum of whose squares 
is 117? 

Ans. 6 and 9. 
Ex. 16. What two numbers are those whose differ- 
^ ence is to the greater as 3 to 8, aad the sum of whose 
squares is 356 ? 

Ans. 10 and 16 
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Ex. 17. Find two numbers which are to each other 
as 3 to 5, and whose product is 240. 

Ans. 12 and 20. 
Ex. 18. Find two numbers whose sum is to theii 
difference as 5 to 2, and the difference of whose squares 
is 160? 

Ans. 14 and 6. 
Ex. 19. Find two numbers whose sum is to the 
less as 11 to 5, and whose sum multiplied by the less 
produces 220. 

Ans. 12 and 10. 
Ex. 20. A mercer bought a piece of silk for 324 
shillings ; and the number of shillings which he paid 
for a yard was to the number of yards as 4 to 9. 
How many yards did he buy, and what was the price 
of a yard ? 

Ans, 27 yards at 12 shillings per yard. 

COMPLETE EQUATIONS OF THE SECOND DEGREE. 

(165.) A complete equation of the second degree is 
one which contains botii the first and second powers 
of the unknown quantity, together with known terms. 

Every complete equation of the second degree can 
be reduced to an equation containing but three terms. 

Thus, take the equation 

5a;'+18=3a;''-4a;+48. 

By transposing and reducing, we have 
2x'+4a;=30; 
and, dividing by 2, a;'+2a;=15, 
an equation containing but three terms. 

QvEST. — What ig a complete equation of the second degree? T« 
what form may every complete equation be reduced 7 
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Again : take the equation 

7«.« Ax* 

-g.+12+x=-g-+4a;+16. 

Clearing the equation of fraotions, we obtain 

7a;'+36+3a;=4B'+12rc+48. 
Transposing terms, we obtain 

7x'-4x'+3a;-12x=48-36. 
Uniting similar terms, we have 
3a;'-9rc=12, 
or, dividing by 3, 

x'-3rc=4. 

(166.) Henoe every complete equation of the second 
degree can be reduced to an equation of the form 

a^+ax=b; 
and, for this reason, complete equations are sometimes 
called equations of three terms. It is to be understood, 
however, that the signs of the quantities a and b may 
be either positive or negative. 

Suppose we have the equation 
a;*-6a;+9=l, 
in which it is required to find the value of x. 

Since each member of this equation is a complete 
square^ if we extract the square root, we shall obtain 
a new equation involving only the first power of x^ 
which may be easily solved. 

We thus have a;— 3==fcl, 
and, by transposition, 

a;=3=bl=4 or 2. 

In order to verify these values, substitute each of 

Quest. — ^Why is a complete eqaation called an equation of three 
terms f 
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tiliem in place of x in the given equation. Taking the 
first value, we shall have 

4*-6x4+9=l; 
that is, 16-24+9=1, 

an identical equation. 

Taking the second value of x, we obtain 
2^-6x2+9=1; 
that is, 4-12+9=1, 

an identical equation. 

Hence we see that a complete equation is readily 
solved, provided each member of the equation is a 
perfect square. But equations seldom occur under 
this form. Take^ for example, 
a;«-6a;=-8. 

The preceding method seems to be inapplicable, be- 
cause the first member is not a complete square. "We 
may, however, render it a complete square by the ad- 
dition of 9, which must also be added to the second 
member to preserve the equality. 

The equation thus becomes 

a:»-6a;+9=9-8=l, 
i^hich is the equation before proposed. 

(167.) The peculiar difficulty, then, in resolving 
complete equations of the second degree, consists in 
rendering the first member an exact square. 

In order to discover a general method of solution, 
let us take the equation 

which is the form to which every complete equation 
of the second degree can be reduced/ 

Quest. — ^In what consistB the difficalty of solving a complete equa 
don f Explain the method of solying the general equation. 
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In order to avoid fractions, we will represent the 
coefficient of x by 2p, and will write the equation in 
the form 

We have seen that if we can by any transformation 
render the first member of this equation the perfect 
square of a binomial, we can reduce the equation to 
one of the first degree by extracting the square root. 

Now we know that the square of a binomial, ^+P9 
is x^+2pz+p^ ; that is, the square is composed of the 
square of the first term, plus twice the product of the 
first term by the second, plus the square of the second 
term. 

Hence, considering x^+2px as the first two terms 
of the square of a binomial, we see that the third term 
of the square must be jp', which is the square of half 
the coefficient of the first power of x. 

If, then, we add p* to the first member of the pro- 
posed equation, it will become a complete square ; and, 
in order that the equality may not be destroyed, we 
must add the same term to the second member of 
the equation, which thus becomes 

x^-V2px+p^=^q+p\ 
■ Extracting the square root of each member of the 
equation, we have 

whence, by transposing jp, w e have 

We prefix the double sign =t, becau se the squares 
both of + y/q+p" and also of — Vq+p^ is X^xp^,and 
therefore every equation of the second degree must 
have two roots. 
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(168.) Hence, for the solution of eveiy complete 
equation of the second degree, we have the following 

BULE. 

1. Clear the equation offractiona. Jirarupoae all 
the hnjovm guantities to one side of the eqiuztion, 
and all the terms containing thb unknoum quantity 
to the other side, and reduce the equation to the form 
x2+2px=:q. 

2. Take half the coefficient of the first power of x, 
square it, and add the result to each member of the 
equation. 

3. Extract the square foot of both members of the 
equation^ and transpose the known term contained in 
the first member to the other side of the equation, 

Ex. 1. What are the values of a? in the equation 

aj2-.10aj=-.16? 
Completing the square by adding to each member 
the square of half the coefficient of the second term, 
we have 

^_10a?+25=25-16=9. 
Extracting the root, 

a?— 5= ±3. 
Hence a?=6±3=8or2. 

Thus X has two values, either 8 or 2. To verify 
them, substitute in the original equation, and we shall 
have 

82-10x8=-16,i..^.,64-^80=-16; 
also, 22-10x2=-16,i.e., 4-20= -16; 
both of which are identical equations. 

Quest.— <}ive the rale for solving a complete equation of the sec- 
ond degree. 
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Ex. 2. What are the values of x in the equation 

x'-2x=24? 
Completing the square, 

a;«^2x+l=24+l=25. 
Extraoting the root, x— l==t:5. 
Whence x=l±5=+6 or -4. 

These values of x may be verified as in the pre 
ceding example. 

Ex. 3. What are the values of x in the equation 
x'+6a;=-8? 

Ans. a;=— 2 or —4 
Ex. 4. What are the values of x in the equation 
a;*+6a;=27? 

Ans. x=+3 or —9.' 
Ex. 5. What are the values of x in the equation 
2a;'+8a;-20=70? 

Ans. x='{'5 or —9. 
Ex. 6. What are the values of x in the equation 

rc'+2a;+4=|'-a;+28? 

Ans. x=+4 or —8. 
Ex. 7. What are the values of x in the equation 

o 

Ans. a;=+9or +7. 

4 Ex. 8. What are the values of re in the equation 

3a;'-6a;-74=31? 

Ans. x=+7 or —5. 

Ex. 9. What are the values of x in the equation 

^ 10 x*+2x 

a;'+2x-y=90-=^-y=^? 

AnS' x=+8 or —10. 



EQUATIONS OF THE SECONB DEGREE. 207 

Ex. 10. What are the values of x in the equation 

4 4 

Ans. x=+2 or —7. 
(169.) The preceding method of solving a complete 
equation is applicable to all cases; nevertheless, it 
sometimes leads to inconvenient fractions. For, in 
order to reduce a given equation to the required form, 
x*+2px=qj we must divide by the ooeflGicient of x', 
which it is often impossible to do without a remainder. 
Let, then, the equation be represented by the form 
ax^+bx=ic. 
Multiply each member of the equation by 4a, and 
it becomes 

4aV+4a6a;=4ac. 
Adding 6' to both members, we have 
4aV+4aia;+i'=4ac+i\ 
The first member of the equation is now a complete 
square, and its square root is 2ax+b. 

(170.) Hence, for completing the square, we may 
use the following ^ 

Rule. ^ 

Multiply the equation hy four times the coefficient 
of x', and add to both sides the square of the coeffir- 
dent ofx. 

If the coefficient of x^ is unity, this rule becomes, 

Multiply the equation by faur^ and add to each 
member the square of the coefficient of x. 

Either of these methods of completing the square 

Quest. — ^What inconvenience sometimes results from the preceding 
method of solation 7 What method is free from this inconvenience f 
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may be practiced at pleasure ; bat the first method is 
to be preferred, except when its application would in- 
volre inconyenient fractions. 

Ex. 11. What are the valnes of :c in the equation 

a;«-x-40=170. 
Transposing, we obtain 

a:»-a;=210. 
Multiplying by 4, 

4x'-4x=840. 
Adding 1 to each member of the eruationi 

4x*-4x+l=841. 
Extracting the square root, 

2x-l=±29. 
Whence, 2x=l±29= +30 or -28 ; 
that is, a;=+15 or —14. 

Ex. 12. What are the values of x in the equation 

ai;»+2x-9=76? 
Tranq)osing, 3x*+2x=85, 
Multiplymg each member by 12, we have 

36a;"+24a;=1020. 
Adding the square of 2 to each member, we obtain 

36a;«+24a;+4=1024. 
Extracting the square root, 

6a;+2=±32. 
Whence 6x= -2±32= +30 or -34 ; 
that is, x=+5 or — 6|. 

Ex. 13. What are the values of a; in the equation 

~|+20i=42|? 

Clearing of fractions and transposing, we have 



Quest. — ^^Vhen is the first method to be preferred ? 
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3a;»-2a:=133. 

Completing the square and extraoting the root, 

6a;=2±40=42 or -38. 
Whence a;=7 or — 6J. 

Ex. 14. What are the values of x in the equaticn 
x^ X 

Clearing of fractions, completing the squarci and 
extracting the root, we have 

24a:=8±28=36 or -20. 
Whence x=l\ or — |. 

Ex. 15. What are the values of a; in the equation 
4c'-3x=85? 

Ans, x=D or — -r- 
4 

Ex. 16. What are the values of a; in the equation 
35— 3a; 

X 

Ans, x=1 or ^. 
Ex. 17. What are the values of a; in the equation 

Ans. a:=26 or 1. 
Ex. 18. What are the values of x in the equation 

3 X 3* 

Ans. a;=3 or 5. 
Ex. 19. What are the valuea of x in the equation 
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x+4=9+— g— ? 

Ans. 2=3 or 6. 
Ex. 20. What are the yalaes of a; in the equation 

Ans. x=2 or 7. 

Ex. 21. What are the values of x in the equation 
a:*+8x+50=35? 

Ans. x=— 3 or —6. 

Ex. 22. What are the values of x in the equation 
7x+35=ll— 3x-a;»? 

Ans. a;=— 4 or —6. 
Ex. 23. What are the values of x in the equation 

^+16a;+17=5x-f +7 ? 
4 4 

Ans. x=— 1 or —10. 
' Ex. 24. What are the values of a; in the equation 

^+65+lLi;=17-y-3x.^ 

Ans. a;=— 6 or —8. 
Ex. 25. What are the values of x in the equation 

o • 

Ans. x=— 3 or —6. 
Ex. 26. Whak are the values of x in the equation 
2x'+9x+25=2Z+Ax? 

Ans, x=— 2 or — ^. 

Ex. 27. What are the values of x in the equation 
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» 3 

Ans. x=12 or — j. 
4 

Ex. 28. What are the values of a; in the equation 

X+1 y 

Ans. x=4 or — t* 
4 

Ex. 29. What are the values of x in the equation 



x+2 3x' 2 

Ans, z=10 or — ^, 

Ex.: 30. What are the values of x in the equation 
3a:»-2a;=65 ? 

Ans. x=5 or — 4J. 

(171.) Problems producing complete equations of 
tbr second degree. 

Prob. 1. It is required to find two numbers such 
that their, difference shall he 6 and their product 160. 
Let^ x= the least numter. 
Then will a;+6= the greater. 
And by the question, a;(x+6)=a;'+6a;=160. 
Therefore, x=10 the less number, 

a;+6=16 the greater number. 

Proof. 16—10= 6, the first condition ; 
16x10=160, the second condition. 

Prob. 2* The receiving reservoir at Yorkville is a 
rectangle, 60 rodq longer than it is broad, and its area 
is 5500 square rods. Required its length and breadth. 

Ans. 50 and 110 rods. 
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Prob. 3. It is required to divide the nnmber 09 jiitM» 
two such parts that their product shall be 544. 

Ans. 34 and 16. 

Prob. 4. In a bag which contains 110 coins of silvei 
and gold, each gold coin is worth as many cents a& 
there are silyer coins, and each silver coin is worth aB 
many cents as there are gold coins ; and the whole 
are worth twenty dollars. How many are there of 
each? 

Ans. 10 of gold and 100 of silver. 

Prob. 5. There is a number consisting of two digits, 
whose sum is 10, and the sum of their squares is 58. 
Required the numbejr. 

Let x= the first digit. 

Then will 10— a;= the second digit. 

And x'+{10-xY=2af-26x+100=58 ; 
that is, x'-10a;=-21, 

«»-10a;+25=4, 
a;=5±2=7 or 3. 

Hence the number is 73 or 37. 

The two values of z are the required digits whose 
sum is 10. It will be observed that we put x to rep- 
resent the first digit, whereas we find it may equal 
the second as well as the first. The reason is, that 
we have here imposed a condition which does not en- 
ter into the equation. If x represent either of the re- 
quired digits, then 10— a; will represent the other, and 
hence Ihe values of x found by solving the equation 
should give both digits. Beginners are very apt thus, 
in the statement of a problem, to impose conditions 
which do niDt appear in the equation. 

QuE9T. — What error are beginners proae to commit t 



EQUATIONS OF TH£ SECOND DEGREE. 213 

The preoeding example, and all others of the same 
olass, may be solved without oompleting the square. 
Thus, 

Let X represent the half difference of the two digits. 

Then, according to the principle on page 122, 

5+x will represent the greater of the two digits, 

d—x will represent the less of the two digits. 

The square of 5+x is 25+lOx-ha;*. 

The square of 5—x is 25— lOx+a;'. 

The sum is 50+2ar*, 

which, according to the problem, equals 58. 

Hence 2a;'=8, 

or a;'=4, 

and a;=±2. 

Therefore, 5+a;=7 the greater digit, 
5— !k=3 the less digit. 

Prob. 6. A laborer dug two trenches, whose united 
length was 26 yards, for 356 shillings ; and the dig- 
ging of each of them cost as many shillings per yard 
as there were yards in its length. What was the 
length of each ? 

Am. 10 or 16 yards. 

Prob. 7. A farmer bought a number of sheep for 
80 dollars, and if he had bought four more for the 
same money, he would have paid one dollar less for 
each. How many did he buy ? 

Let X represent the number of sheep. 

80 
Then will — be the price of each. 

80 
And — 2 would be the price of each if he had 

bought fDur more for the same money. 
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But by the equation we have 
80^ 80 
X ""a;+4 
Solving this equation, we obtain 

x=16 Ans. 
Frob. 8. By selling my horse for 24 dollars, I lose 
as muoh per cent, as the horse oost me. What was 
the first oost of the horse ? 
Let X represent the first oost. 

X 

Then j^ is the loss per cent. 

x^ ' 

And j^ is the absolute loss. 

Whence we find a:=40 or 60 dollars. 

Prob. 9. There are two pumbers whose difference 
is 7, and half their product, plus 80, is equal to the 
square of the smaller number. What are the numbers ? 

Ans. 12 and 19. 

Prob. 10. Divide the number 30 into two such 
parts that their product may be equal to 'eight times 
their difference. 

Ans. 6 and 24. 

Prob. 11. A and B set out at the same time to a 
place at the distance of 150 miles. A travels 4 miles 
an hour faster than B, and arrives at his journey's end 
10 hours before him. At what rate did each travel 
per hour ? 

Ans. B 6 miles said A 10 miles per hour. 

Prob. 12. Divide the number 33 into two such parts 
that their product shall be 162. 

Ans. 27 and 6. 
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Prob. 13. What two numbers are those whoso sum 
is 29 aad product 100 ? 

Ans. 25 aod 4. 
Prob. 14. The difference of two numbers is 6 ; and 
if 47 be added to twice the square of the less, it will 
be equal to the square of the greater. What are the 
numbers ? 

Ans. 1 and 7, or 11 and 17. 

Prob. 15. There are two numbers whose sum is 
30 ; and one third of their product, plus 18, is equa] 
to the square of the less number. What are the 
numbers ? 

Ans. 9 and 21. 
Prob. 16. A farmer bought a certain number of 
sheep for $120. If there had been 8 more, each sheep 
would have cost him half a dollar less ? How many 
sheep were there ? 

Am. 40. 
Prob. 17. The plate of a looking-glass is 18 inches 
by 12, and is to be inclosed by a firame of uniform 
width throughout, whose area is to be equal to that of 
the glass. Required the width of the firame. 

An$. 3 inches. 
Prob. 18. What two numbers are those whose sum 
is 19, and whose difference, multiplied by the greater, 
is 60? 

Ans. 12 and 7. 

Prob. 19. A boy, being asked his age, replied, If 
you add the squ&ure root of it to half of it, and subtract 
12, there will remain nothing. Required his age. 

ilm. 16. 
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Prob. 20. It is required to find a number whose 
tquare exoeeds its first power by 210. 

Anfi/s. 15. 

EQUATIONS OF THE SECONB DEGREE WTTH MORE THAN ONB 
UNKNOWN QUANTITY. 

(172.) An equation containing two unknown quan- 
tities, is said to be of the second degree when the 
greatest sum of the exponents of the unknown quan" 
tities in any term is equal to two. Thus, 

ac«-4a;+y'=25, 
and 7a;y— 4a;+y=40, 

are equations of the second degree. 

(173.) When we have given two such equations 
containing two unknown quantities, we mayi by the 
methods of Art. 108-113, eliminate one of them, and 
obtain a new equation containing but one unknown 
quantity. The solution of two equations of the sec- 
ond degree containing two unknown quantities, gener- 
ally involves the solution of an equation of the fourth 
degree containing one unknown quantity. Hence the 
principles hitherto established are not sufficient to 
enable us to solve all equations of this description. 
In some cases, however, the resulting equation is of 
the second degree, and may be solved by the preced- 
ing rules. 

Ex. 1. Given xp=81 ^ 

x^ Q [ ^ ^^ ^® values of x and y* 
y" ) 

QoxsT. — ^What is an eqaation of the Becond degree containing two 
anknown qaantities 7 How do we solve equations of the sooond de- 
gree containing two unknown quantities ? 
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From the second eqnatioiiy z=9p. 

Substitating this value in the first eqoationi we have 

93^=81. 
Whence y"=9, 

and y==t3. 

Hence a;«:=fc27. 

Ex.2. (3tiyenx+p:x:t6:2j ) to find the values of 

^P=6i } X and y. 

From the first equation, we find 
3x+3y=:5a; 

Whence y=-q-. 

Substituting this value in the second equatioUi we 
obtain 

Therefore, «'=9, 

and a;=±3. 

2x 
Whence y=:— =±2. 

Ex. 3. Given rB'+^=349 ) to find the values of x 

xff =15, ) and y. 

Adding twice the second equation to the first, we 
obtain 

a;'+ai;y+y'=64; 
and extracting the square root, 

rc+y=8. (a) 
Subtracting twice the second equation from iha 
first, we obtain 

rc'-2a;y+y'=4. 
Whence x-y=2. (b) 

K 
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Adding equation (a) to equation (b), we have 

2a;=10, 

and a;=5. 

Whence, firom equation (a), ^=3. 

Ex. 4. Given x+y : a; : : 7 : 5, ) to find the values of 

xy+y*=126, ] x and y. 

From the first equation we obtain 

5a;+5y=7a;. 

™ 5y 

Whence ^""o"' 

Substituting this value for x in the second equation, 

Whence y"=36, 

and y==t6. 

Therefore, a;==t:15. 

Ex. 5. Griven x+y : x—y : : 8 : 1, ) to find the values 
a;y=63, ) of a; andy. 
Ans. a;==t:9, y=±7. 

Ex. 6. G-iven x +y =21, ) to find the values of x 
a;"— y«=68, ) and y. 

Ans. x=12, y=9. 
Ex. 7. Given a;+y= 23, ) to find the values of x 
=120, ) 



a:y=120, ) and y. 

From the first equation we have 

x=23-y. 
Multiplying each member by y, 

a;y=23y-y'=120. 
Completing the square and extracting the root, 
23 ^7. 
^"2=^2 
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Whence y=15 or 8, 

and x=8 or 15. 

Ex. 8. G-iven x +p = 20, ) to find the values of or 
a;" +3^=218, ) and p. 

Ans. a;=7, y=13. 

Ex. 9. Q-iven a— y= 15, ) to find the values of x 

x=2y% ) and p. 

A iQ 25 ^ 5 

Ans. a;=18 or -g-, y=3 or —5. 

Ex. 10. Given ^ ^ = 3, ^ tofindthe valuesof a? 

9y-9x=18,) ^^^• 

Ans. x==2 or —5, y=4 or ^. 

Ex. 11. Givena;+y:a;— y: :13:5, ) to find the val- 
y«+a;=25, ) ues of a; and p. 
Ans. a;=9, y=4. 
Ex. 12. Given a;'+ary-y'=23, ) to find the values 
a;+2y = 7, ) of a; and p. 
Ans. a;=3, y=2. 

Ex.13. Given 2a:"+a;y-6y'=20, ) to find the values 
2a;— 3y = 1, ) of a; and p. 
Ans. x=^5j y=3, 

Ex. 14. Given x"+y'=281, ) to find the values of x 
x*-y'=231, ) and p. 

Ans. ;c=16, y=5. 

Ex. 15. Given y'+4a;=2y+ll, ) to find the values 
a;+4y=14, ) of x and p. 
Ans. x=2 or —46, p=3 or 15. 

Ex. 16. What two numbers are those whose differ- 
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enoe, multiplied by the greater, produces 40; and 
whose difference, multiplied by the less, produces 15 1 

Let x= the greater number, 
and y= the less number. 

Then x*-a;y=40, ^ 

and rcy— y*=15. 

Subtracting the second equation firom the first, 
a;"-2a;y+y'=25, 
and extracting the square root, 
«— y==t5. 
Therefore, from the first equation, 
=t5x=40, 
and a;=±8. 

Also, ^==b3. 

Ex. 17. What two numbers are those whose differ- 
ence, multiplied by the less, produces 42; and whose 
difference, multiplied by their sum, produces 133 ? 

Let x== the greater number, 
and y= the less. 

Then a;y-j^=42, 

and a;"-y'=133. 

Subtracting twice the first equation firom the sec- 
ond, we obtain 

x*-2xp+y'=A9. 

Extracting the square root, 

re— y=±7. 

Therefore, firom the first equation, 
±7y=42, 
and y==t6. 

Hence x=±13. 

Ex. 18. What number is that the sum of whose 
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digits is 15; and if 31 be added to their producty the 
digits will be inverted? 

Ans. 78. 
Ex. 19. What two numbers are those whose product 
is 54, and quotient is 6 ? 

Ans. 8 and 18. 
Ex. 20. The product of two numbers is a, and their 
quotient is b. What are the numbers ? 

Ans. Vab and V r« 
o 

Ex. 21. The sum of the squ&ures of two numbers is 
260, and the difference of their squares 132. What 
are the numbers ? 

Ans. 8 and 14. 

Ex. 22. The sum of the squares of two numbers is 
a, and the difTerenoe of their squares is b. What are 
the numbers ? 

Ans. V ""o- and V ■"^• 

Ex. 23. Find two numbers which are to each other 
as 3 to 4, and the sum of whose squares is 400. 

Ans. 12 and 16. 
Ex. 24. Find two numbers which are to each other 
as 2 to 3, and the difference of whose squares is 125. 

Ans. 10 and 15. 
Ex. 25. Divide the number 16 into two parts, such 
that the product of the two parts, added to the sum 
of their squares, may be equal to 208. 

Ans. 4 and 12. 
Ex. 26. What two numbers are those whose product 
is 255, and the sum of whose squares is 514? 

Ans. 15 and 17. 



222 BLBMBIITS OP ALGEBRA. 



Ex* 27 What two numbers are tiiose whose differ- 
ence is 8| and the snm of whose squares is 544 ? 

Ans.^ and 20. 

Ex. 28. What two numbers are those whose sum is 
11, and the som of whose squares is 901 ? 

Ans. 15 and 26. 

Ex. 29. What two numbers are those whose product 
is 120 ; and if the greater be increased by 8, and the 
less by 5, the product of the two numbers thus ob- 
tained shall be 300? 

Ans. 12 and 10, or 16 and 7^. 

Ex. 30. Divide the number 100 iato two such parts 
that the sum of their square roots may be 14. 

Ans. 36 and 64. 

Ex. 31. From two places at a distance of 720 miles, 
two persons, A and B, set out at the same time to meet 
each other. A traveled 12 miles a day more than B, 
and the number of days in which they met was equal 
to half the number of miles B went in a day. How 
many miles did each travel per day ? 

Ans, A 36 miles, and B 24 miles. 

Ex. 32. A tailor bought a piece of cloth for $120, 
from which he cut four yards for his own use and sold 
the remainder for $12Q, gaining one dollar per yard. 
How many yards were there, and what did it cost him 
per yard ? Ans. 24 yards at $5 per yard. 

Ex. 33. The fore wheel of a carriage makes five 
revolutions more than the hind wheel in going 60 
yards ; but if the circumference of each wheel be in- 
creased one yard, it will make only three revolutions 
more than thb hind wheel in the same space. Re- 
quired the circumference of each. 

Ans. Fore wheel 3 yards, and hind vheel 4 yards. 



SECTION XIII. 

RATIO AND PROPORTION. 

(174.) Numbers may be compared in two ways; 
either by means of their difference^ or by their gwo- 
iient. We may inquire how much one quantily is 
greater than another, oi^ how many times the one con- 
tains the other. One is called Arithmetical, and the 
other Q-eometrical Ratio. 

(175.) The difference between two numbers is called 
their Arithmetical Ratio. Thus the arithmetical ratio 
of 9 to 7 is 9—7 or 2 ; and if a and b designate two 
numbers, their arithmetical ratio is designated by a— d. 

(176.) Numbers are more generally compared by 
means of quotients ; that is, by inquiring how many 
times one number contains another. The quotient of 
one number divided by another is called their Geomet' 
rical Ratio. The term Ratio, when used without any 
qualification, is always understood to signify a geomet- 
rical ratio ; and we shall confine our attention to ratios 
of this description, 

(177.) By the ratio of two numbers, then, we mean 
the quotient which arises from dividing one of these 
numbers by the other. 

12 

Thus the ratio of 12 to 4 is represented by -j- or 3. 

QuEST.^In how many ways may numbers be compared ? What » 
Arithmetical Ratio \ What is Geometrical Ratio 7 
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If a and b represent two quantities of the same kind^ 
the ratio of a to 6 is the quotient arising from dividing 
a by 6| and may be represented by writing them a: b^ 

or T. The first term, a, is called the antecedent of 
o 

the ratio ; the last term, b^ is called the consequent 
of the ratio. 

Hence it appears that the theory of ratios is included 
in the theory of fractions ; and a ratio may be consid- 
ered as a fraction whose numerator is the antecedent^ 
and whose denominator is the consequent. ^ 
(178.) Proportion is an equality of ratios. 
Thus, if we take four numbers, 
3, 4, 9, 12, 
such that the quotient of the first, divided by the sec- 
ond, is equal to the quotient of the third divided by 
the fourth, the numbers are said to .be proportional, 
and the proportion may be written 
3 _9 
4"12' 
or 3:4::9:12. 

In general, if a, 6, c, c^ are four quantities such that 
a, when divided by i, gives the same quotient as c 
when divided by d^ then a, 6, c, d are called propoT" 
tionalsj and we say that a is to i as c is \o d; and 
this is expressed by writing them thus : 

aibi\c\d^ 
or a:b=c:dj 

a c 

^l r£ 

QuKst.— Define tlie termi antecedent and consequent. What is a 
proportion 7 



RATIO AND PROPORTION 225 

(179.) In ordinary langaage, ihe terms ratio and 
proportion are oonfounded with each other. Thus 
two quantities are said to be in the proportion of 3 to 
5 instead of the ratio of 3 to 5. In strictness, how- 
ever, a ratio subsists between two quantities, a pro- 
portion only between four. Eatib is the quotient 
arising firom dividing one quantity by another; two 
equal ratios form a proportion. 

(180.) In the proportion 

a:b::c:df 
a, i, c, d are called the terms of the proportion. The 
first and last terms are called the extremes, the second 
and third the means. The first term is called the 
first atUecedentf the second term the^r^^ consequent y 
the third term the second antecedent ^ and the fourth 
term the second consequent. The last term is said to be 
a fourth proportional to the other three taken in order. 

(181.) The word term, when applied to a proportion, 
is used in a slightly different sense from that explained 
in Art. 12. The terms of a proportion may be poly- 
nomials. Thus 

a+b : c+d : : e+f : g+h. 

(182.) Three quantities are said to be in propor- 
tion when the first has the same ratio to the second 
that the second has to the third, and then the middle 
term is said to be a mean proportional between the 
other two. For example, 

2:4::4:8, 
where 4 is a mean proportional between 2 and 8. 

Quest. — Explain the difference between a ratio and a proportion t 
How are the terms of a proportion distingaished T When are three 
quantities said to be proportional 7 
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(183.) If four quantities are proportional, the prod" 
uct of the ttoo extremes is equal to the product of the 
two meant. 

Let a:b::c:d; 

then will ad^bc. 

For, since the fonr quantities are proportional, 

I'^d' 
and, by clearing the equation of fractions, we have 
ad=^bc. 

Thus^if 3:4::9:12, 

then 3x12=4x9. 

(184.) Conversely, if the product of two quantities 
is equal to the product of two others, the first two 
quantities may be made the extremes^ and the other 
two the means of a proportion. 

Let ad=bc; 

then will a:b::c:d. 

For, since ad=bCf 

dividing each of these equals by bd the expression 
becomes 

a^c 
b^d' 
that is, a:b::c:d 

Thus, if 3x12=4x9, 

then 3:4::9:12. 

(185.) The preceding proposition is called the test 
of proportions, and any change may be made in the 
form of a proportion which is consistent with the ap- 

QuKST. — If four quantities are proportional, by what property may 
they be diatingmshed 7 How may every equation be conTerted into 
a Iiroportion ? 
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plication of this test. In order, then, to decide wheth- 
er four quantities are proportional, we must compare 
the product of the extremes with the product of the 
means. 

Thus, to determine whether the numbers 5, 6, 7, 8 
are proportional, we multiply 5 by 8, and obtain 40. 
Multiplying 6 by 7, we obtain 42. As these two prod- 
ucts are not equal, we conclude that the numbers 
5, 6, 7, 8 are not proportional. 

Again : take the numbers 5, 6, 10, 12. The prod- 
uct of 5 by 12 is 60, and the product of 6 by 10 is also 
60. Hence these numbers are proportional; that is, 
5:6::10:12. 

(186.) If three quantities are in continued propor- 
tion, the product of the extremes is equal to the square 
of the mean. 

If a:b::b:Cf 

then, by Art. 183, ac=bbj which is equal to b\ 

Thus, if 3 : 6 : : 6 : 12, 

then 3x12=6'. 

(187.) Conversely, if the product of two quantities 
is equal to the square of a third, the last quantity is 
a mean proportional between the other two. 

Thus, let ac=^b\ 

Dividing these equals by bCy we obtain 
a b 
b^c' 
or a:b::b:c. 

Quest. — ^How may we determine whether four qnantitieB are pro- 
portional ? When three quantities are in continued piroportion, by 
what property are they distinguished ? How is a mean proportional 
between two quantities found 1 
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Thna, if 4x9=6*, 

tiben 6 is a mean proportional between 4 and 9. 

Examples. 

1. G-iven the first three terms of a proportion, 24, 
15, and 40, to find the fourth term. 

2. Ghiven the first three terms of a proportion, 3a6*, 
4a*b\ and 9a'6, to find the fourth term. 

3. Given the last three terms of a proportion, 4a*6*, 
3a'6', and 2a% to find the first term. 

4. Given the first, seoond, and fourth terms of a 
proportion, 6y*, 7a;y , and 21z*p, to find the third term. 

5. Given the first, third, and fourth terms of a pro- 
portion, 22, 72, and 252, to find the seoond term. 

6. Are the quantities 25, 70, 78, and 218 propor- 
tional? 

7. Resolve the equation 22x105=33x70 into a 
proportion. 

(188.) Ratios that are equal to the same ratio art 
equal to each other. 

Let aibi\x\ 
and cidi 

For, sinoe aibiixiy^ 

a X 

we have t=- 

* y 

And sinoe cidixxiy^ 

, c x 

we have -;=-. 

d y 

Therefore t=j, 

o a 

and henoe a:b::c:d. 

QussT.— Compve two ratios that are eqnal to th« same ratio. 



' * f/ ) 

"*' > then wiJlaib::e:d. 
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Thus, if 


2:7::18:63, 


and 


2: 7::22:77, 


then 


18:63::22:77. 


(189.) K four quantities are proportional, they will 
he proportional by alternation ; that is, the first will 
have the same ratio to the third that the second has to 


thefourth. 
Let 


a:b::c:d; 


then will 


a I c::bz d. 


For, since 


aib::c:dy 


by Art. 183, 


ad=bc; 


and since 


ad=bc. 


by Art. 184, 
Thus, if 


a:c::b:d. 
4:6::28:42, 


then, by alternation, 

4:28::6:42. 



(190.) K four quantities are proportional, they will 
be proportional by inversion ; that is, the second will 
huve to the first the same ratio that th^ fourth has to 
the third. 

Let a:b::c:d; 

then will b:a::d:c. 

For, since a:b::c:dj 

by Art. 183, ad=bcy 

or bc=:ad. 

Therefore, by Art. 184, 

b: and: c» 

Thus,if 6:12::16:36, 

then 12:5::36:16. 

Quest. — Explain the principle of alternation. Explain the princi- 
ple of inversion. 
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. (191.) If four quantities are proportional, they will 
be proportional by composition ; tiiat is, the sum of 
the first and second will have to the second the same 
ratio that the sum of the third and fourth has to the 
fourth. 

Let a:bi:c:d; 

then will a+b : ft : : c+d : dL 

For, sinoe aib::c:df 

a c 
we have T=-i. 

o a 

Add unity to each of these equals, and we haye 

a - c . ^ a+b c+d 

l+i=a+i, or -^=-5-/ 

that is, a+b:b::c+d:d. 

Thus, if 7:11::21:33, 

then 7+11 : 11 : : 21+33 : 33 ; 
that is, 18;11::54:33. 

(192.) If four quantities are proportional, they will 
be proportional by division; that is, the difference of 
the first and second will have to the second the sam>e 
ratio that the difference of the third and fourth has 
to the fourth. 

Let a:b::c:d; 

then will a—bibiic—did. 

For, sinoe a:b;:c:dy 

, a c 

we have T=-i. 

o a 

Subtract unity from each of these equals, and w6 

have 

Quest.— Explain the principle of composition. Explain the princi- 
ple of diyision. 
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^ c ^ a—b c—d 





b 


^ d ^'"' b d 


that is, 




a—b : 6 : : c—d : d. 


Thus, if 




11:7::33:21, 


then 




ll-7:7::33-21:21; 


that is, 




4:7::12:21. 



(193.) Equal multiples of two quantities have the 
same ratio as the quantities themselves. 

The ratio of a to i is represented by the fraction 

a 

T ; and the value of a fraction is not changed if we 

multiply or divide both numerator and denominator 
by the same quantity. Thus, 
a ma 
b^mb' 
or a\b\\ ma : mh. 

Thus, 5:1 1 :5m :1m, 

(194.) If there is any number of proportional quan- 
tities all having the same ratio, the first will have to 
the second the same ratio that the sum of all the an- 
tecedents has to the sum of all the consequents. 

Let a, ft, c, rf, e, / be any number of proportional 
quantities, such that 

a:b::c\d::e\fy 
then will a:b:\ a+c+e : b+d+f. 

For, since a:b::c:dy 

We have ad=bc. 

And since a:b::e:f 

we have af=be. 

QcEST. — Compare eqaal multiples of two quantities. What princi- 
ple may be applied to any nomber of proportional quantities all having 
the same ratio 1 
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To these equals add ab=baf 
and we obtain a{b+d+f)=b(a+c+ey 
Henoe, by Art. 184, 

a:b:: a+c+e : b+d+f. 
Thus, if we have 

2:3::4:6::8:12; 
then 2:3:: 2+4+8 : 3+6+12, 

or 2:3::14:21. 

(195.) If four quantities are proportional, like powers 
or roots of these quantities will also be proportional 

Let a:b::c:d; 

then will a*:b*::c*:d*; 

and a":6"::c*:rf", etc. 

For, since a:b::c:d^ 

a c 
we have 'h'^d' 

Squaring each of these equal quantities, we have 

that is, a* : &• : : c* : rf' ; 

and the same may be proved of the cube or any other 

power. 

Thus, if we have 

2:3::4:6; 
then 2*:3'::4':6»; 

that is, 4:9:: 16: 36. 

(196.) If there are two sets of proportional quanti- 
ties, the products of the corresponding^ terms will be 
proportional. 



Quest. — Compare like powers or roots of proportional qnantitioB. 
What principle may be applied to two sets of proportional quantities I 
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Let aibiicidj 

and eifiigih ; 

then will ae : bfi : eg : (2&. 

For, since aibwcidj 

fey Art. 183, ad=^bc; 

and since e :/: : g- : A, 

by Art. 183, «*=/§-. 

Multiplying these eqaals tc^theri we lums 
a^Xdh=bfXcg. 

Hence, by Art. 184, 

ae : bfi icgidh. 

Thus, if we have 2 : 3 : : 4 : 6, 
and 5 : 7 : : 10 : 14 ; 

then 2X5: 3X7:: 4X10: 6x14 

or 10:21::40:84. 



SECTION XIV. 

PR06RESSI0N& 
ARITHMETICAL PROGRESSION. 

(197.) An Arithmetical Progression is a series of 
quantities which increase or decrease by the continued 
addition or subtraction of the same quantity. 

Thus the nambers 

1, 3, 6, 7, 9, 11, etc., 
which are obtained by the addition of 2 to each sao- 
cessive tenn, form what is called an increasing Arith- 
metical Progression ; and the numbers 
20, 17, 14, 11, 8, 5, etc., 
which are obtained by the subtraction of 3 from each 
successive term, form what is called a decreasing 
Arithmetical Progression. 

Problem I. 

(198). To find any term of an Arithmetical Pro^ 
gression. 

If a represent the first term of an increasing arith- 
metical progression, and d the conmion differencei the 
second term of the series will be a+rf, the third a+2dy 
the fourth a+3rf, the fifth a+4rf, etc. 

/ Quest.— What it an Arithmetical Progression 7 What is an increas- 
ing Progression? What is a decreasing Progression? How may we 
find any term of an Arithmetical Progression? 
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Tbe coefficient of c^ in the second term is 1, in the 
ihtrd term 2, in the fourth term 3, and so on ; that is, 
any term of the series is equal to the first term, plus 
as many times the common difference as there are 
preceding terms. 

If we represent any term of the series by Z, and 
suppose nix)he the number which marks the place of 
that term in the series, the expression for this term 
will be 

l=:a+{n-l)d. 

(199.) Hence, if we put I to represent the last term 
of the series we shall have the following 

Rule. 

The last term of an increasing' arithmetical pro* 
gression is equal to the first term^ plus the product 
of the common difference into the number of terms 
less one. 

This rule enables us to find any term of a series 
without being obliged to determine all those which 
precede it. 

Examples. 

1. What is the fourth term of a series whose first 
term is 3 and common difference 2 ? 

Ans. 9. 

2. What is the sixth term of a series whose first 
term is 5 and common difference 3 ? 

Ans. 20. 

Quest. — Give the rule for finding the last term of an increasing 
.arithmetical progression. 
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3. What is ihe eighih term of a series whose first 
term is 7 and common difference 4 ? 

Ans. 35. 

4. What is the tenth term of a series whose first 
term is 9 and common difference 5 ? 

Ans. 64. 

5. What is the twelfth, term of a series whose first 
term is 11 and common difference 6 ? 

Ans. 77. 

6. What is the twentieth term of a series whose 
first term is 13 and common difference 7 ? 

Ans. 146. 

7. What is the thirtieth term of a series whose firs, 
term is 15 and common difference 8 ? 

Ans. 247. 

8. What is the fortieth term of a series whose first 
term is 20 and common difference 9 ? 

Ans. 371. 

9. What is the fiftieth term of the series 

1,6, 11, 16, 21, etc.? 

Ans. 246. 

10. What is the hundredth term of the series 

1, 7, 13, 19, 25, etc. ? 

Ans. 595. 
(200.) If a represent the first term of a decreasing 
arithmetical progression, and d the common difference, 
the second term of the series will be a—dj the third 
a^2df the fourth a—Sdj etc., and the expression for 
any term of the series will be 

l=a—{n--l)d. 
Hence, to find the last term of a decreasing arith- 
metical progression, we have the following 
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Rule. 
The last term of a decreasing arithmetical pro* 
gressum is equal to the first term^ minus the product 
of the common difference into the number of terms 
less one. 

Examples. 

1. If the first term of a decreasing progression is 
80, the number of terms 15, and the common differ- 
ence 5, what is the last term ? 

Ans. Z=a~(?i-l)rf=80— 14X6=10. 

2. What is the twentieth term of a series whose 
first term is 53 and common difference 2 ? 

Ans. 15. 

3. What is the thirtieth term of a series whose first 
term is 114 and common difference 3 ? 

Ans. 27. 

4. What is the fiftieth term of a series whose first 
term is 228 and common difference 4 ? 

Ans. 22. 

5. What is the hundredth term of a series whose 
first term is 648 and common difference 6 ? 

Ans. 54. 

Problem II. 

(201.) To find the sum of the terms of an arith- 
metical series. 

Take any arithmetical series, and under it set the 
same terms in an inverted order thus : 

Quest.— How may we find the last term of a decreasing ariihmetio- 
al progression 1 How may we find the sam of the terms of an arith- 
metioal series? 
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Let the series be 1, 8, 5, 7, 9, 11 , 13, 15 ; 
the same series in- )^fio-t-t r\ m ^ n ^ 
vertedis 1 ^^> ^^> ^^> Q> ^> ^> ^> ^- 

The sums are 16, 16, 16, 16, 16, 16, 16, 16. 

The sum of all the terms in the double series is 
equal to the sum of the extremes 1 and 15, repeated 
as many times as there are terms, that is, 8 times ; 
and this is double the sum of the terms of a single 
series. Henoe the sum of the terms of the proposed 
series is equal to 

(202.) In order to generalize this method, put £1 to 
represent the sum of the terms of the series 

- a, a+dj a+2dj etc., 
continued to /, whioh we employ to represent the last 
term 7 that is, 

S=a-ha+d+a+2d+a+3d+ +/. 

Under it write the same series in an inverted order 
&as : 



S,=:l+l^d+l--2d+l-'3d+ +a. 

If we add together the corresponding terms of the 
two series, we shall obtain 

2S=JT^+T+a+JVa-{-l+a+ ... +l+a. 
If we represent the number of terms of the series 
by », we shall have 

2S^n{l+a) ; 

whence 8= ^ . 

(203.) Hence we derive the following 
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RULE» 

TAe sum of the terms of an arithmetical progres- 
sion is equal to half the sum of the two extremes^ 
multiplied by the number of terms. 

We also see from, the preceding demonstration, that 
the sum of the extremes is equal ,to the sum of any 
other two terms equally distant from the extremes. 

Examples. 

1. What is the sum of the natural series of num-^ 
bers 1, 2, 3, 4, 5, etc., up to 25 ? 

2. The extremes of an arithmetical progression are 

2 and 50, and the number of terms 17. What is the 
sum of the series? 

Ans.A4a. 

3. The extremes of aii arithmetical progression are 
10 and 20, and the nuhxber of terms 6. What is the 
sum of the series ? 

Ans. 90. 

4. The extremes of an arithmetical progression are. 

3 and 19, and the number of terms 9. What is the 
sum of the series ? 

Ans. 99. 

5. The extremes of an arithmetical progression are 
5 and 595, and the number of terms 60. What is the 
sum of the series ? 

Ans. 18000. 

QuxsT.— Give the role for finding the som of the tenns of an arith* 
metical progression. Explain the reason of the role. 
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6. The extremes of an arithmetioal progression are 
5 and 92, and the number of terms 30. What is the 
sum of the series ? 

Ans. 1455. 

7. What is the sum of 100 terms of the series 

1, 3, 5, 7, 9, etc. ? 

Ans. 10000. 

(204.) If we take the equation 

;=a+(«-l)d, 
and transpose the term (n-~l)dj we obtam 

a=;— (w— l)rf/ 
that is, the first term of an increasing arithmetical 
progression is equal to the last term^ minus the prod- 
uct of the common difference by the number of terms 
less one. 

(205.) If we transpose the term a, and divide by 
»— 1, we obtain 

«— 1' 

that is, in an arithmetioal progression, the common 
difference is equal to the difference between the two 
. extremes f divided by the number of terms less one. 

Examples 

1. The last term of a progression is 48, the first 
term 6, and the number of terms 15. What is the 
oommon^differenoe ? 

Ans. 3. 

QussT. — How may we find the first term of an increasing progroR- 
Bion t How may we find the common difieronco in an arithmcticaJ 
progression ? 
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2. The last term of a progression is 68, the first 
term 8, and the number of terms 16. What is the 
common difference ? 

Ans. 4. 
S. The last term of a progression is 105, the first 
term 10, and the nmnher of terms 20. What is the 
common difference ? 

Am. 5. 

Problem III. 

(206.) To find any number of arithmetical meam 
between two given numbers. 

In order to solve this problem, we must first find 
the common difference. The whole number of terms 
of the series consists of the two extremes and all the 
intem^ediate terms. If, then, m represent the re- 
quired number of means, m+2 will be the whole 
number of terms. 

By substituting m+2 for n in the formula, Art. 205, 
we obtain 

. l^a 

^=^+l5 

that is, the common difference of the required series 

is equal to the difference between the two given num^ 

berSj divided by the number of means plus one. 

Having obtained the common difference, the re- 
quired means are easily obtained by addition. 

Ex. 1. Find 9 iprithmetical means between 2 and 32. 

d= — rr=— ta— =3f the common difference. 
m+1 10 

QuEBT.— How may we find any number of arithmetical meaiu be- 
t^i^en two nnmbmrs T 

L 
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Henoe the progression is 

2, 6, 8, 11, 14, 17, 20, 23, 26, 29, 32. 

Ex. 2. Find 10 arithmetical means between 3 and 58. 
Ans. 8, 13, 18, 23, 28, 33, 38, 43, 48, and 53. 

Ex. 3. Find 6 arithmetical means between 1 and 50. 
Ans. 8, 15, 22, 29, 36, and 43 

(207.) Examples. 

1. A student bought 7 books, the prices of which 
were in arithmetical progression. The price of the 
cheapest was 5 shillings, and the price of the dearest 
23 shillings. What was the price of each book? 

Ans. 5, 8, 11, 14, 17, 20, and 23 shillings. 

2. What is the nUi term Of the series 

1,3, 5, 7, 9, etc.? 

iliw. 2«— 1; 
that is, the last term of this series is one less than 
twice the number of terms. 

3. What is the sum of n terms of the series 

1, 3, 5, 7, 9, etc. ? 

Ans. n* , 
that is, the sum of the terms of this series is equal to 
the square of the number of terms. 
Thus, 1+3 = 4=2% 

1+3+6 = 9=3', 

1+3+5+7 =16=4% 
1+3+5+7+9=25=5'. 

4. What is the sum of n terms of the series 

QuKST.-~What is the last term of the series of odd namberB begm 
ning with nnity t What is the sam of the series of odd namhers be 
giimiitg with anitj? 
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1, 2, 3» 4, 5f eto. ? 

. fi{n+l) 
Ans. o * 

5. What is the sum of n terms of the series 

2,4, 6, g, 10, eto? 

Ans. n{n+l), 

6. One hundred stones being placed on the ground 
in a straight line, at the distance of two yards from 
each other, how far will a person travel who shall 
bring them one by one to a basket which is placed 
two yards from the first stone ? 

Ans. 20,200 yards. 

GEOMETRICAL PROGRESSION. 

(208.) A Geometrical Progression is a series of 
quantities, each of which is equal to the product of 
that which precedes it by a constant number. 

Thus the series 

2, 4, 8, 16, 32, etc., 
and 81,. 27, 9, 3, etc., 

are geometrical progressions. In the former, each 
number is derived from the preceding by multiplying 
it by 2, and the series forms an increasing geometrical 
profession. In the latter, each number is derived 
from the preceding by multiplying it by J, and the 
series forms a decreasing geometrical progression. 

In each of these cases the common multiplier is 
called the common ratio. 

QnssT.— -What is a Geometrical FrogresBion f What is an increasing 
progression? What is a decreasing progression? What is the cnm- 
mou ratio ? 



$44 BLBMBNTS OF ALGBBBA. 

Pboblem IY. 

(209.) To find any term of a geometrical progress 
iion. 

If a represent the first term of the progression, and 
r the oommon ratio, the seocmd term of t^e series will 
be ar, the third ar^^ the fourth ar\ the fifth ar\ eto. 

The exponent of r in the second term is 1, in the 

third term is 2, in the fourth term is 3, and so on ; 

.henoe the exponent of r in the nth term of the series 

will be n—l ; that is, the nth term of the series may 

be written 

af^\ 

If we represent any term of the series by /, and sap- 
pose n tohe the number whioh marks the place of 
that term in the series, the expression for this term 
will be 

(210.) Hence, if we put / to represent the last term 
^f the series, we shall have the following 

Rule. 

The last term of a geometrical progression is equal 
to the product of the first term by that power of the 
ratio whose exponent is one less than the number of 
terms. 

This rule will enable us to find any term of a series 
without being obliged to determine all those which 
precede it. 

QuKST.— How may we find any term of a geometrical progretmon ? 
^ Give the nile for the last term of a geometrioal progression. Explain 
the mason of the rale. 
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Examples. 

1. Wliat is the sixth term of a geometrioal progres* 
sion whose first term is 3 and common ratio 2 ? 

Ans. ;=ar^i=3x2*=3x32=96. 

2. What is the seventh term of a geometrioal pro- 
gression whose first t^rm is 4 and common ratio 3 ? 

Ans. 2916. 

3. What is the eighth term of a progression whose 
first term is 5 and oommon ratio 4? 

Ans. 81920. 

4. What is the ninth term of a progression whose 
first term is 6 and oommon ratio 3 ? 

Ans. 39366. 

5. What is the tenth term of a progression whose 
first term is 7 and common ratio 2 ? 

Ans. 3584. 

6. What is the ninth term of the series 

1,3, 9, 27, 81, etc.? 

Ans. 6561. 

7. What is the eighth term of the series 

1,4, 16, 64, 256, etc.? 

Ans. 16384. 

8. What is the seventh term of the series 

1, 6, 25, 125, 625, etc. ? 

Ans. 15625 

Pboblbm Y. 
(211.) To find the sum of the t&rms of a geomet^ 
rical progression. 

If we take any geometrical series, and multiply 

QvBST. — How may we fiod ^ soiii of the terms of a geometried 
piugression f 
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each of its terms by the ratio, a new series will be 
formedi of which every term, exoept the last, will have 
its oorresponding term in the first series. Thus, take 
the series 

1, 3, 9, 27, 81, 
the sum of which we will represent by S, so that 
5=1+3+9+27+81. 
Multiplying each term by 3, we obtaia 

35=3+9+27+81+243. 
The termis of the two series are identical, except 
the first term of the first series and the last term of 
the second series. If then we subtract one of these 
equations firom the other, aU the remaining terms will 
disappear, and we shall have 

3S- 5=243-1, 
o 243-1 

or ^=-3^T'- 

(212.) In order to generalize this method, let a, ar , 
af'f etc., represent any geometrical series, the last term 
of which is Z, and let S represent, the sum of all the 
terms ; then 

S=a+ar+ar'+ar*+ +/. 

Multiplying this equation by r, we obtain 

rS=ar+ar*+ar*-{-ar*+ ..... +lr. 
Subtracting the first equation from the second, all 
the terms in the second members disappear, except the 
first term of the first series and the last term of the 
second series, and we obtain 

rS-S=^lr^a; 

whence S= 5-. 

r— 1 
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(213.) Hence, to find the sum of the terms of a 
geometrioal progression, we have the folloMring 

EULE. 

Multiply the last term by the ratio^ subtract the 
first tenuy and divide the remainder by the ratio less 
one. 

Escamples. 

1. What is the sum of nine terms of the series 

1,3, 9, 27, 81, etc.? 

We have abready found the ninth term of the series 

to be 6561. 

„ ^ Ir^a 6561x3-1 19682 ^^.^ 

Hence S= z = — 5 — :i = — s? — =9841. 

r— 1 3—1 2 

2. What is the sum of eight terms of the series 

1, 4, 16, 64, etc. ? 

Ans. 21846, 

3. What is the sum of 14 terms of the series 

1, 2, 4, 8, 16, etc. ? 

Ans. 16383. 

4. The extremes of a geometrical progression are 

3 and 12288, and the common ratio 2. What is the 
sum of the series ? 

Ans. 24573. 

5. The extremes of a geometrical progression are 

4 and 78732, and the common ratio 3. What is the 
sum of the series ? 

Ans. 118096. 

6. What debt may be discharged in 12 months bv 

QussT. — Give the role for the sum of the terms of a geometrical pro- 
groflrion. Explain the reason of the role. 
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paying one dollar the first monthi two dollars the see- 
ond numtli, fonr dollars the third, and so on, eaoh siio> 
oeeding payment being doable the last ; and what 
will be the last payment ? 

Am. the debt is $4095^ 
the last payment $2048. 
(214.) When the progression is a decreasing one, 
and r oonseqaently represents a fraction, the expres- 
sion for the sum of the series is written 

in order that both terms of the firaotion may be positive. 
Ex. 1. Wbat is-the som of 9 terms of the progression 
1536, 768, 384, eto.? 

Here /=1536x (i)'=6. Hence S= ^^^~^ :g3066. 

Ex. 2. What is the snm of 11 terms of the progres- 
sion 5120, 2560, 1280, etc. ? 

iliw. 10235. 
Ex. 3. What is the snm of 12 terms of the progres- 
sion 8192, 4096, 2048, etc. ? 

Ans. 16380. 
Ex. 4. What is the snm of 7 terms of the progression 
15625, 3125, 625, etc. ? 

Ans. 19531. 
Ex. 5. What is the snm of 8 terms of the progression 
82768, 8192, 2048, etc. ? 

Ans. 43690. 
Ex. 6. Wbat is the snm of 9 terms of the progression 
19683, 6561, 2187, etc.? 
An$. 29523. 

QoBtT. — Vrimt ii tho ram of the term of a deenanng pr o g r o wioBt 



GEOMETRICAL FROOBEBSIOir. 349 

Problem VI. 

(215.) To find a mean proportional between two 
numbers. 

Aoooiding to Art. 187, if i is a mean proportional 
between a and c^ we sliall have 
b*=ac ; 
and hence b= Vac ; 

that is, to find a mean proportional between two num- 
bers, ^uZftp/^ the two numbers together^ and extract 
the square root of their product. 

Ex. 1. What is the geometrical mean between the 
numbers 4 and 9 ? 

Ans. V4x9=6. 
Ex. 2. What is the geometrical mean between the 
numbers 4 and 25 ? 

Ans. 10. 
Ex. 3. What is the geometrical mean between the 
numbers 9 and 16 ? 

Ans. 12. 
Ex. 4. What is the geometrical mean between the 
numbers 4 and 49? 

Ans.U. 
Ex. 5. What is the geometrical mean between the 
numbers 9 and 25 ? 

Ans. 15. 
Ex. 6. What is the geometrical mean between the 
numbers 4 and 81 ? 

Ans. 18. 

QnisT. — How may we find a mean proportional between two nom 
L2 
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Ex. 7. What is the geometrical medji between Urn 
numbers 16 and 25 ? 

Jns. 20. 

(216.) Of decreasing progressions having an in- 
finite number of terms. 

In a decreasing progression, the expression for the 
som of the series is 

a—lr 



Vi 



1-r" 
For / substitute its value af^^\ and we obtain 
a—ar^ 



1-r ' 
which may be written 



1-r I-r 

In a decreasing progression, since r is less than 

unity, r" is less than unity.; and the larger the number 

n, the smaller will be the quantity r°. If, therefore, 

we take a very large number of terms of the series, the 

af^ 
quantity r"*, and consequentiy the term t^-, will be 

very small ; and if we take n greater than any assign- 

ar^ 
able number, then =-3- will be less than any assign- 
able number, and may be neglected ; that is, when 
the number of terms is infinite, we have 

a 
1— r 

(217.) Hence the sum of an infinite series decreas- 
ing in geometrical progression is found by the fol- 
lowing 
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Rule. 

Divide the first term by unity diminished by th 
ratio. 

Ex. 1. Find the sum of the infinite series 

1+2+4+8+^ etc. 
Here a=l, r=J. 

a 1 

Therefore S= z = . — t-=2. 

1— r 1— J 

Ex. 2. Find the sum of the infinite series 

111 

^+3+9"*"27+* ^*^- 



. 3 

Ans.^ 



Ex. 3. Find the sum of the infinite series 











Am 


4 
"3' 


Ex. 


4: 


Find the sum of the infinite series 








1+5+25+125+' «^ 














Ans 


5 


Ex. 


5. 


Find the sum of the infinite series 








i+iV 


100 '- 1000 ' ' **"• 


Am. 


10 



QuxsT. — Give the rale for the sam of an infinite decreamng series. 
Explain the reason of the role. 
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(218.) EQUATIONB OF THE FIBST DEGSEE WITH ONE 
UNKNOWN QUANTITY. 

.Sb. 1. Given a?+(8a+6*-7c)=4a+3J— 4=(?, to 
find the value of a?. 

Ex.2. Given a;-(2a-6i+6^)=a+2i-3^, to find 
the value of a;. 

Ana. aj=3a-3ft+3c. 
Ha. 8. Given a+2d[-.(2J+4c)=a?-(7c-6^, to 
find the value of a^ 

Ana. a?=a— 2ft4-3o— 4C2L 
Ex. 4. Given c+3a— a?+2J=2a-(ft-c)+4J, to 
find the value of x. 

Ana. xzzza^b. 
JSc.6. Given 7-(7+7-[7+a?])=7,tofind the val- 
ue of a;. 

Ana.x=:7. 
Ex. 6. Given — 1|«= — 8^, to find the value of a?. 

Ana. aj=4|. 
Ex. 7. Given a^— J^=(a— i)aj, to find the value 
o{x. 

Ana. x=^a^+ab+i^. 
Ex. 8. Given 364=72?- 17, to find the value of o^ 

Ana. a; =53. 

21 
Ex. 9. Given —6= — r-8, to find the value of x. 

Ana. xr=7. 
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jEb. 10. Given 12f -|= 67|, to find the value of a;. 



^7w.aj=— 276f|. 
3 5«_7 
4"^ 6 8' 
to find the value of a;. 



^ -- ^. a; 3 , 5a? 7 9 lla? 13 15a; 
^11. Q^yen-—^+---=-+—---—, 



Ex.\%. Given --.-+„-+ g- 7+ 3=9-^, to 



Am.x^\-^^. 

C XX X n 

2""3"'"4^6"^e 

find the value of x. 

-47W, aj= — IJU, 

Be 13. Given 2ft-(S+c)aj=:(J-c)aj, to find the 

value of a?. 

Ana. aj=l. ^ 

^a?. 14. Given a(2a?+ 19*- 10a)=i(aj+7J), to find 

the value of x. 

An8.x=z5a^7b. 

1+aj 

Be. 15. Given :; =«, to find the value of a?. 

1— a? 

A a— 1 

Ana. aj=- 



^a;. 16. Given a i— =ft II--,tofindtheval- 



a? a; 



ueof.a?. J, 2n 

Ana. x= 



Ex. 17. Given J-+fli:*=^+^, to find 



Am. aj=<J?— J*. 
/4+aj 6- 

^-(-^ 7 

find the value of a;. 



Mc, 18. Given 3-{^-^]=^^-10, to 
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JEx. 19. Given J=c, to find the value of ». 

Ans. «=■= m. 

b+c 

Ex. 20. Given n-^^^^z— — wa, to find the 
q+x q+x 

value of a^ 

Am. a;=-P-"^-"g. 
m—l 



(219.) PKOBLEMS nrvoLvma equations op the first 

DEGKEE WITH ONE UNKNOWN QUANTITY. 

I^vb. 1. Find a number such that one third there- 
of^ increased by one fourth of the same, shall be equal 
to one sixth of it, increased bj 30. 

Ans. 72. 
J^b. 2. Divide $1340 among three persons. A, B, 
and C, so that B may receive $100 more than A, and C 
$180 moie than B. How much should each receive? 
Ans. A $320, B $420, C $600. 
JF^b. 3. In a mixture of wine and cider, one half 
of the whole, plus 21 gallons, was wine ; and one third 
part, minus 6 gallons, was cider. How many gallons 
were there of each? 

Ans. 66 of wine and 24 of cider. 
jProb. 4. A's age is double of B's, and B's is triple 
of C's, and the sum of all their ages is 120 years. 
What is the age of each ? 

Ans. A's is 72, B's is 36, and C's is 12 years. 
JProb, 5. Two persons, A and B, lay out equal sums 
of money in trade ; A gains $504, and B loses $348, 
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and A's money is now double of B's. What sum did 
each lay out ? 

Ans. $1200. 

JProb. 6. A gentleman bought a chaise, horse, and 
harness for $315. The horse came to twice the price 
of the harness, and the chaise to twice the price of the 
horse and harness. What did he give for each ? 

Ans. $210 for the chaise, $70 for the horse, 
and $35 for the harness. 

I^ab. 7. Two persons, A and B, have both the same 
income. A saves one fifth of his yearly ; but B, by 
spending $500 per year more than A, at the end of 4 
years finds himself $1000 in debt. What was his 
income? 

Am. $1250. 

IVob. 8. A person in play lost one fourth of his 
money, and then won $3; after which he lost one 
third of what he then had, and then won $2. Lastly, 
he lost one seventh of what he then had, and found he 
had but $12 remaining. What had he at first ? 

Ans. $20. 

IVob. 9. A person goes to a tavern with a certain 
sum of money in his pocket, where he spends 8 shil- 
lings. He then borrows as much money as he had 
left, and going to another tavern, he there spends 8 
shillings also. Then borrowing again as much money 
as was lefl;, he went to a third tavern, where likewise 
he spent 8 shillings, and borrowed as much as he had 
left ; and again spending 8 shillings at a fourth tav- 
ern, he then had nothing remaining. What had he 
at first ? 

Ans. 15 shillings. 
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IVob. 10. A father gives to his five sons $950, 
which thej are to divide according to their ages, so 
that each elder son shall receive $20 more than his 
next younger brother. What is the share of the 
yoongest? 

Ans. $150. 

./Vod. 11. There are two numbers whose sum is 37, 
and if three times the less be subtracted from four 
times the greater, and this difference be divided bj 6, 
the quotient will be 6. What are the numbers ? 

Ans. 16 and 21. 

I^vb. 12. A banker has 2640 coins of two kinds, 
and there are four and a half times as manj of one 
sort as of the other. How many has he of each sort? 

Am. 480 and 2160. 

JProb. 13. Divide the number a into two such parts 
that one may be m times as great as the other. 

- a , ma 

Ans, r- and 



m+1 771+1* 
JF^ob. 14. A fortress has a garrison of 2600 men, 
among whom there are 9 times as many foot soldiers, 
and 3 times as many artillery soldiers, as cavalry. 
How many of each corps are there? 

Ana. 200 cavahy, 600 artillery, and 1800 foot. 
JProb. 15. I have a certain number in my thoughts, 
says A to B ; try to guess it. I multiply it by 7, add 
3 to the product, divide this by 2, subtract 4 from the 
quotient, and obtain 15. What number is it ? 

Ans. 6. 
jF^ob. 16. An arithmetician desires his scholars to 
find a number which he has in his mind from the fol- 
lowing data. If, says he, you multiply the number 
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hj 5, subtract 24 from the product, divide the remain- 
der bj 6, and add 13 to the quotient, you will obtain 
the original number. What number is it ? 

Ana. 54. 

jF^ob. 17. In the composition of a certain quantity 
of gunpowder, the nitre was ten pounds more than two 
thirds of the whole ; the sulphur was four and a half 
pounds less than one sixth of the whole ; and the char- 
coal was two pounds less than one seventh of the nitre. 
How many pounds of gunpowder were there ? 

A718. 69 pounds. 

JF^ob. 18. Two workmen received the same sum for 
their labor ; but if one had received $24 more, and the 
other $16 less, then one would have received just three 
times as much as the other. What did each receive? 

Ans. $36. 

JProb. 19. Find two numbers of which the less is 
to the greater as 2 to 3, and whose product is twelve 
times the sum of the numbers. 

Ans. 20 and 30. 

jProb. 20. There are two numbers whose difference 
is 12 ; and if eight times the less be subtracted from 
five times the greater, the remainder will be 6. What 
are the numbers ? 

Ans. 18 and 30. 

I^b. 21. What number is that, one third, one 
fourth, and two fifths of which being added together 
will make 59? Ans. 60. 

I^ob. 22. There is a number consisting of two digits, 
whose sum is 7 ; and if 9 be added to the number it- 
self, the digits will be inverted. What is the number? 

Ans. 34. 



258 ELEMENTS OF ALGEB£A« 

Prob. 23. Oat of a hogshead of water which had 
leaked away one third part, 21 gallons were drawn, 
and then being gauged, it was found to be half fiilL 
How many gallons did it hold ? 

Ans. 126. 
Pfcib. 24. A pile stands one third in the ground, 
one half in the water, and three feet above the water. 
What is its entire length ? 

Ans. 18 feet. * 
Prcb. 25. A and B start at the same time and place 
to go round an island 600 miles in circumference. A 
goes 30 miles a day, and B 20. How long before they 
will both be at Ike starting-point together, and how 
far will each have traveled ? 

Am. In 60 days ; and A will have gone three 
times round the island, and B twice. 
JProh. 26. Two persons, A and B, agree together to 
purchase a house worth $1800. Says A to B, give 
me two thirds of your money, and I can purchase it 
alone ; but says B to A, if you give me three fourths 
of your money, I shall be able to purchase it alone. 
How much had each ? 

A7i%. A had $1200 and B $900. 
Broh. 27. A father directs that $1125 be divided 
among his three sons, in proportion to their ages. The 
eldest is twice as old as the youngest, and ^e age of 
. the second is one half greater than that of the young- 
est. How much should each receive ? 

Ana. The youngest»$2d0, the second $375, 
and the eldest $500. 
Ptoh. 28. There are three pieces of cloth, whose 
lengths are in the ratio of 3, 4, and 5 ; and 12 yards 



EXAMPLES FOB PRACTICE. 259 

being cut off from each, the whole quantity is dimin- 
ished in the ratio of 7 to 4. What was the length of 
each piece at first? 

Ans. 21, 28, and 35 yards. 

jF^ob. 29. A detachment of soldiers from a regiment 
being ordered to march on a particular service, each 
company furnished twice as many men as there were 
companies in the> regiment ; but ikeae being found in- 
sufficient, each company furnished five more men, when 
their number was found to be increased in the ratio 
of 6 to 4. How many companies were there in the 
regiment? 

Ans. 10. 

I^ob. 30. What number is that to which, if 1, 4, 
and 10 be severally added, the first sum shall be to 
the second as the second to the third ? 

Ans. 2. 

Prob. 31. A general, ranging his army in the form 
of a solid square, finds he has 119 men to spare ; but, 
increasing each side by one m^n, he wants 100 men 
to fill up the square; How many soldiers had he ? 

Ans. 12,000. 

Proh. 32. There is an island 15 miles in circumfer- 
ence, and four men start together to travel the same 
way about it. A goes 4 miles per hour, B 5 miles, C 
6 miles, and D 7 miles. How far will each travel be- 
fore they all meet again at the spot firom which they 
started? 

An^. A goes 60 miles, B 75 miles, C 90 miles, 
and D 105 miles. 



seo 
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(220.) EQUATIONS OP THE FIKST DEGREE WITH SEV- 
EBAL UNKNOWN QUANTITIES. 

JSjb. 1. Given «+y=6912,) to find the values of 
a:— y=4444^> xssi&y. 

Ans. aj=6678, 2^=1234 
,Ec 2. QiTen fl;+ 13y = 176, ) to find the values of 
x+ 7y= 98, > a;andy. 

Ans. x=z7 J y ^13. 
,SB.a Given a;+l|y=2ftjlj,) to find the values 
4|y— aj=44|, > of a: and y. 

^w«.a;=7|,y=10^. 
£Sb. 4. Given x+ay=b, } to find the values of x 



cx+y 






andy. 



-4n«. a?= ^, y= 



-Eb. 6. Given a;+17y=300, ^ to find the values of 
11a;— y=104,5 a; and y. 

^7M. «=11, y=17. 
jEb. 6. Given 2^-|y=116,,) to find the values of 
1|«— y= 40,> ajandy. 

^wtf. a;=70, y=72. 
J5B.7. Given aj+ 5143 



8y+ll 
3262 -a; 



=37, 
=43, 



2y-ll 
jEb.8. Given aj+Yj= 71, 



to find the values of 
X and y. 



^7w. aj=37, y=43. 

to find the values of x 
and y. 

^n^. a;=65, y=66. 
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JEx. 9. GKven x y _ 1 



to find the val- 
uesofajandy. 

jEc. 10. Given Ux=Uy+4^,) ^ ^ ^ 

4^=^—21^, i" uesofajandy. 

Ans. x= —6^, y= —9^. 
^x. 11. Given l|a;-4f=:7|y-10-^, > 
. 24^^1ix+7^y^SHiJ 
to find the values of x and ^. 

Ans. a;=24|, y=6. 
jEfc. 12, Given l|a:=4f5f-564, > tofindtheval- 
8-^x=ll^y- 792,5 uesofajandy. 
Ans. x=120, y=:156. 
jEfc. 13. Given (a+i)a?-(a-%=4aJ, > 

to find the values of x and ^. 

^rw. x=ia+bj yzzza—b. 
Ex. 14. Given 13 +« . 3a;- 8y . ^, 

»z:f+if±|!r?=8-(y-.). 

to find the values of x and ^. 

Ans. x=:l9 y=2. 
Ex. 16. Given a;+y__15 

y^~"8"' 



9:.-Mif=100, 



to find the val- 
ues of a; and ^. 



^n*. a;=14, y=46. 



262 



ELEHEIITS OF AL6EBKA» 



&. 16. GiTcn bx+ly _13 
9x+33 ~21' 
llz+27 19 



7x+6y~ll' 
jEb.17. €KTeiiz=18 -Ay, 

y=n\ 



to find the values 
of X and y. 

Ans.x=zli y=3. 



o find the values 
-llk^ of a;, 3^, and s. 
^7w. a;=2, y=4, js=9. 

^x.18. Given|a;-2fy+4s=12^, "] to find the 
6y-8^s =-2ftJ, y values of 
lla;=3|y, J a;, y, and a. 
-4n«. a;=l, y=3, s=6. 

.Sb. 19. Given 3x-5y+45=5,^ to find the val- 
7a;+2y— 30=r2,> ues of a^ y, 
4a;+3y— s=7,) ands. 

^7M. a;=l, y=2, s=3. 

jEc. 20. Given x v z -^q 
3+5+y=193, 



to find the val- 
ues of Xt y, 
and;^;. 



6+7+3-^^^* 

^4.^4.^-219 

Ans. a; =210, y=315, s=420. 



(221.) FBOBLEMS INVOLVINa EQUATIONS OF THE FBSST 
DEGREE WITH SEVERAL UNKNOWN QUANTITIES. 

jProb. 1. If the sound of a cannon when traveling 
with the wind moves 1133 feet per second, and when 
traveling against the wind moves 1105 feet per sec- 
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ond, what is the velocity of the wind and sound sep- 
arately? 

Ans. Sound 1119 feet, and wind 14 feet. 

Proh. 2. A boy says to his companion, Give me 
five of your nuts, and I shall have three times as many 
as you. No, replied the latter ; but give me two of 
your nuts, and I shall have five times as many as 
you. How many has each ? 

Arts. One has 4, and the other 8 nuts. 

I^oh. 3. A gentleman has two goblets and a cover 
which fits them both. When he puts the cover on 
the first goblet, their united value is double that of the 
second goblet; but when he puts the cover on the 
second goblet, their value is 1^ that of the first gob-: 
let. Supposing each goblet alone is worth 10 dollars 
less than with the cover, what is the value of each of 
the goblets ? 

Am. One $18, the other $14. 

Prob. 4. What firaction is that to the numerator of 
which, if one be added, the value is ^, but if one be 
added to the denominator the value is ^ ? 

Ans.-^. 

Proh. 6. Theie are two numbers whose sum is 47; 
and if the greater be divided by the less, the quotient 
will be 5 with a remainder of 5. What are the two 
numbers ? 

Ana. 40 and 7. 

Ptob. 6. There are two numbers whose difference 
is 6, and the quotient of the greater divided by. the 
less is also 5. What are the numbers ? 

Ana. &J and 1^. 

Ptob. 7. A father said to his son, 7 years ago I was 
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7 times as old as jon, and 3 years hence I shall he 3 
times as old as jon. What is the age of the father 
and of the don ? 

Ans* The &ther is 42, and the son 12 jreaxs. 
I^b. 8. Said A to B, Give me three fourths of 
your money, and I shall have $100. No, said B to 
A, give me only half of your money, and I shall have 
$100. How much money had each? 

Ana. A had $40, and B had $80. 
I^vb. 9. It is required to find two nnmhers soch 
that the first shall be to the second as their som is to 
five, and as their diflferenoe is to three. What are the 
numbers? 

Ans. 16 and 4. 
' JProb. 10. There are two numbers in the ratio of 3 
to 5 ; bat if we add 10 to the first, and subtract 10 
firom the second, the resolting numbers will be in the 
ratio of 5 to 8. What are the numbers ? 

Ans. 15 and 25. 
I^rob. 11. It is required to find two numbers such 
that if the first be divided by 6, and the second by 6, 
the sum of the quotients will be 52 ; but if the former 
be divided by 8, and the latter by 1% the sum of the 
quotients will be 31. What are the numbers ? 

Am. 168 and 120. 
I^b. 12. A gentleman bought at one time 10 
pounds of coffee and 14 pounds of sugar for $2.55^ ; 
at another time, 18 pounds of coffee and 7 pounds of 
81^ at the same rates for $2.87. What was the 
price of a pound of each ? 

Ans. Coffee 12^ cents, sugar 9^ cents. 
jProb. 13. A gentleman has two horses and two 
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saddles, one of which cost $30, the other $5. If he 
places the best saddle upon the first horse, and the 
worst upon the second, then the latter is worth $5 
more than the other. But if he puts the worse sad- 
dle upon the first horse, and the best upon the other, 
then the latter is worth twice as much as the first. 
What is the value of each horse ? 

Ans. The first $60, the second $80.^ 

J^ob. 14. Find three numbers such that the first, 
with half the sum of the second and third, shall be 
120; the second, with one fifth the difference of the 
third and first, shall be 70 ; and half the sum of the 
three numbers shall be 95. 

Ans. 50, 65, and 75. 

J^ob, 15. There are three numbers such that the 
second, divided by the first, gives 2 for a quotient 
and 1 for a remainder ; while the third, divided by the 
second, gives 3 for a quotient with the remainder 3. 
The sum of these three numbers is 70. What are the 
Yiumbers ? Ans. 7, 15, and 48. . 

I^ob. 16.' A says to B, Give me $100, and then t 
«hall have as much money as you. No, says B to A, 
give me rather $100, and then I shall have twice as. 
much as you. How much has each ? 

Ans. A $500 and B $700. 

jProb. 17. Find two numbers having the following 
properties. When the first is multiplied by 2, the 
second by 5, and both products added together, the 
sum is 31 ; on the other hand, if the first be multi- 
plied by 7, the second by 4, and both products added 
together, we obtain 68. 

Ans. The first is 8, the second is 3. 
M 
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Prob. 18. A grocer has two kinds of tea, one of 
which is worth 67 cents per pound, the other 81 
cents. How many pounds of each must he take 
to form a chest of 104 pounds, which will be worth 
$67.20? 
Ana. 71 pounds of the former, and 33 of the latter. 

Prob. 19. A farmer sold 6 bushels of wheat and 6 

of com for 54 shillings. He afterward sold 4 bushels 

of wheat and'3 of com, at the same rates as before, for 

36 shillings. What was the price of each per bushel ? 

Ana. Wheat 6 shillings, and com 4 shillings. 

Ii*cb. 20. Three regiments are to furnish 603 men, 
and each to furnish in proportion to its strength. Now 
the strength o£ the first is to that of the second as 3 
to 5, and the second is to the third as 4 to 7. How 
many must each fumish ? 

Ana. The first 108, the second 180, and the 
third 315 men. 

Prob. 21. There are two boys, the difference of 
whose ages is to their sum as 1 to 3, and their sum is 
to their product as 3 to 8. What are their ages ? 

Ana. 4 and 8. 

Prob. 22. A certain sum of money, being put out at 
interest for 4 months, amounts to $1275. The same 
sum, put out at the same rate for 20 months, amounts 
to $1375. Eequired the sum and the rate per cent. 
Ana. $1250, at 6 per cent. 

P^oh. 23. There is a number consisting of two digits, 
the second of which is greater than the first ; and if 
the number be divided by the sum of its digits, the 
quotient will be 4 ; but if the digits be inverted, and 
that number be divided by a number greater by 4 than 
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the difference of the digits, the quotient will be 9. Re- 
quired the number. 

Ana. 36. 
I^rob, 24. There is a fraction whose numerator be- 
ing doubled, and the denominator diminished hy 2, 
the value becomes ^ ; but if the denominator be tripled, 
and the numerator increased by 3, its value becomes 
^. Required the fraction. 

Ans. f . 
IVob. 25. A certain number, consisting of two 
places of figures, is equal to the difference of the 
squares of its digits ; and if 36 be added to it, the 
digits will be inverted. What is the number ? 

Ans. 48. 
, I^ob. 26. A father divided his estate among his five 
children, giving the first four together $26,000, the last 
four $30,000, the last three with the first $29,000, 
the first three with the last $27,000, and the first two 
with the last two $28,000. What was the share of 
each? 

Arts. The first $6000, the second $6000, the third 
$7000, the fourth $8000, and the fifth 
$9000. 
Prob. 27. A sum of money consists of quarter dol- 
lars, dimes, and half dimes. It is worth as many 
dimes as there are pieces of money ; it is worth as 
many quarters as^there are dimes ; and the number of 
half dimes is one more than the number of dimes. 
What is the number of each ? 

Ans. Three quarter dollars, eight dimes, and 
nine half dimes. 
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(222.) EQUATIONS OP THE SECOND DEaEEE WITH ONE 
UNKNOWN QUANTITY. 

A.->niCOKPLBTE BQUAXIOMS OT THE SBCOND DBOBES. 

Ex. 1. Given 12a*+ar*=4a2+9i*, to find the value 

of 0^ 

J.w^. a?=2a— 3ft. 

Ex. 2. Given 10000 -f|a?= 199, to find the values 

fAx. 

^w«. aj=±115J. 

Ex.^. Given 11-^^=3-^:^, to find the 

values of x. 

^71^. aj==t2i^. 

^.4 Given ^+^= ,,l<;;+9. to find 
a?— a x-^a (l+a)(l— a) 

the values of a;. 

-4.7W. a?==fcl. 

Ex. 5. Giv^ ^±^+^=1^=-^, to find the val- 
a;+2 a— 2 ^^ 

ues of «• -^^- a? = ± 22. 

Ex.^. G^ivenaj+V«+a^=^~^^X^« to find the 

values of x. 

Am. x^dL^a—l). 

Ex. 7. Given— —7===+ j===x, to find 

the values of a?. 

Ans. a?= =fc 'y/2. 

5 

Ex. 8. Given a?+ V^^^ -15 =--===, to find the 

values of x. 

Ans.x=±^4t. 
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B.— <;OMPIJETB EQUATIONS OF THB SB/OGSD DEGBBE. 

^.9. Givenaj^— 8a;= — 12, tofindthevaluesofo?. 

Ans.x=6 or 2. 
Mi. 10. Given 26aj-a?= -120, to find the values 
of a?. 

Ans. aj=30 or —4. 
JEiff. 11. Given 557a?=6801A+8ar*, to find the val- 
ues of X. 

Ans. aj=56| or 12|. 

JSx. 12. Given ^+2=0"' *^ ^^ *^® values of a?. 

Ans. x=^ or —1. 

JSx. 13. Given tttt^— tt^ = t» to find the values of a?. 
100 25a; 4 

Ans. x=28 or —3. 

3ar* 
JEx. 14. Given "2 — 9aj=48, to find the values of a?. 

Ans. aj=16 or —4. 

fe. 15. Given - 

aj+1 x+2 

of a?. 

Ans. x=:l or —4. 
JSx. 16. Given x+ V'aj=20, to find the values of a?. 
An^. a;=(+4)»=16, or (-5)^=25. 

i:x. 17. Given 3a:-^iHl=i5=2, to find the val- 

X 

ues of a;. 

J.w5.aj=19or -J^. 

TP lo i-.- 8— a? 2a;— 11 a?— 2 . - j ., 

jEIr 18. Given — o-=— ^-> *o ^^^ «*• 

^ a? — o b 

values of a;. 

Ans.x:^Q or ^ 



^a?. 15. Given ^ 2^=771 to find the values 

aj+1 x+2 6 
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Ex. 19. Given 3a?- ^^^""^^ =29, to find the val- 

X 

' ues of a?. ^ 

-4./W. a?=13 or — y-. 

Ex. 20. Given 6a? 5-= 2^H o— » *^ ^^^ *^® 

a? — o ^ 

yaluea of a?. 

-4.n«. a?=4 or —1. 

.Ea?. 21. Given ?^+l = 10-^, to find the 
a?— 4 A 

values of a?. 

Ans.x=12 or 6. 

Ex. 22. Given --^+11:^=2^^^, to find the val- 

7— a? a? 

ues of a?. 

An8. a?=5 or 2. 

^a?. 23. Given i±l?+_f— =5^^, to find the 
X a:4"-»-^ 
values of a?. 

Ans. a?=3 or —IS. 

^a?. 24. Given 16-?^=^+7|, to find the val- 

ues of a?. 

Ans. a?=3 or — ^- 

J?a?. 25. Given — — ?L=-^, to find the values 

a? a?+2 a?+l 

of a?. 

Ans. a?=4 or — -I- 

^.. 26. Given 3^_30^=!fzii, to find 
5 a?— o lU 

the values of a?. 

J.««. a?=12 or 36. 
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^rc. 27. Given 3a; — ^r — 7r^=2+-^ r-, to find 

the values of x. 

Arts. a?=4 or ■^. 

Ex. 28. Given -JL^i^±^==?^, tofind the 

values of a?. 

J.7W. a;=6 or '—■ ^. 

J, ^. aj^-lOaj'^+l 

^' ^^^^^ a;^-6a;+9 
lies of a;. 



Ex. 29. Given ^!zi^±l=«_3, to find the val- 



Ans.x=l or —28. 
values of a;. 



jEc. 30. Given ?l+^5!i^=a?+a;+8, to find the 
ar+a;— b 



Ans. a;=4 or — ^. 

(223.) PEOBLEMS INVOLVING EQUATIONS OF THE SEC- 
OND DEGBEE WITH ONE UNKNOWN QUANTITT. 

Prob. 1. It is required to find a number whose fifth 
part, multiplied by its seventh part, gives for a prod- 
uct 4325. 

Ana. ±385. 
Prob. 2. There are two numbers in the ratio of 11 
to 13, and whose product is 7007. What are the 
numbers? 

Arts. 77 and 91, or —77 and —91. 
Prob. 3. A gentleman bought a certain number of 
melons for $6.25, and paid for each of them as many 
cents as there were mdons. How many melons did 
he buy? 

Ans. 26. 
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I^rcb. 4. K I multiplj the third part of a certain 
number bj its fourth part, and this product bj the 
fifth part of the same number, I obtain the sixth part 
of that number. What is the number ? 

Ana. ±^10= ±3.162. 
Prob. 5. A rectangular field, whose length is 3367 
feet, and breadth 37 feet, has the same area as another 
field whose length is to its breadth as 13 to 7. What 
are the length and breadth of the latter ? 

Ana. Length 481, and breadth 259 feet 
Proh. 6. It is required to divide the number 20 into 
two such parts that their squares may be in the ratio 
of 1 to 2^. 

Ans. 8 and 12. ' 
I^rcb. 7. What number is thut whose seventh and 
eighth parts multiplied together, and the product di- 
vided hj 3, gives the quotient 672 ? 

Ans. 336. 
I^rob. 8. Find two numbers such that their prod- 
uct shall be 675 ; and the quotient of the greater, di- 
vided by the less, shaU be 3. 

Ana. 45 and 15. 
Proh. 9. What two numbers are as m to n, and the 
sum of whose squares is equal iobf 

vW+n^ \m^+n^ 

Ptob. 10. What two numbers are to each other as 

971 to n, and the difference of whose squares is equal 

toJ/ 

. m^b n^b 

Aim. . =r, — y r* 
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Ptoh. 11. Divide the number 56 into two «nch 
parts, that the quotient of the greater divided by the 
less may be to the quotient of the less divided \xj the 
greater as j- to -|. 
• AifiB. 35 and 21. 

jRroJ. 12. Divide the dumber 60 into two such 
parts, that their product may be to the sum of their 
squares in the ratio of 2 to 5. 

Am. 20 and 40. 
Proh. 13. Find a number such that if you subtract 
it from 10, and multiply the remainder by the num- 
ber itself the product c^iall be 21. 

An8. 7 or 3. 
Ptob. 14. A merchant buys several pieces of doth 
at the same price for $60. If he had bought three 
pieces more for the same sum, each piece would have 
cost him one dollar less. How many pieces did he 
buy? 

AnB. 12. 
PrcX}. 15. The difference of two numbers is 6, and 
if 47 be added to twice the square of the less, it will 
be equal to the square of the greater. What are the 
numbers ? 

Ana. 17 and 11, or 7 and 1. 
Proh. 16. There are two numbers, one of which ex- 
ceeds the other by 8, and whose product is 240» 
What are the numbers ? 

Ana. 12 and 20. 
jBy>& 17. What two numbers are those whose sum 
is 41, and the sum of whose squares is 901 ? 

Ana. 26 and 15. 
Ptcib. 18. What two numbers are those whose sum 
M2 
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is equal to a» and the sum of whose squares is equal 

to A/ 

- a+ V2d-a* , a- V2ft-a2 
-AnA 5 , and . 

J^rob. 19. A and B set out from two towns, whicl^ 
were distant 204 miles, and traveled the direct road 
till thej met. A went 8 miles per hour, and the 
number of hours at the end of which thej met, was 
greater by 3 than the number of miles wUch B went 
in an hour. How many miles did each go ? 

Ans. A 96 miles, and B 108 miles. 

jhy)b. 20. A farmer bought a certain number of 
sheep for $60 ; and if he had bought 10 more for the 
same money, they would have cost him one doUar 
apiece less. What was the number of sheep ? 

Ans. 20. 

I^vb. 21. The square of a certain number, together 
with thirteen times the same number, amounts to 264. 
What is the number? 

Ans. 11 or —24. 

IM. 22. The length of a hall is 7 feet greater than 
its breadth, and it contains 494 square feet. What 
are its length and breadth? 

Ans. Length 26, and breadth 19 feet. 

J^b. 23. A square court-yard has a rectangular 
gravel-walk around it. The side of the court is 2 
yards more than 6 times the breadth of the gravel- 
walk, and the number of square yards in the walk 
exceeds the number of yards in the periphery of the 
court by 196. Required the breadth of the gravel- 
walL ' Ans. 3 yards. 

jF^vb. 24. A merchant sold a quantity of lace for 
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$56, and gained as much per cent, as the lace cost 
him. What was the cost of the lace ? 

Ans. $40. 
Prob. 25. A merchant sold a quantity of goods for 
a dollars, and gained as much per cent, as the goods 
cost him. What was the cost o f the goods ? 

Ans. V2600+100a-5a 
jProb. 26. Two merchants, A and B, enter into part- 
nership with a joint stock of $12,000. ^'s capital 
was employed 5 months, and B's 8 months. When 
the stock and gain were divided, A received $7150, 
and B $6120. What was each man's stock? 

Ans. A*s was $6600, and B's $5400. 
Prob. 27. A merchant bought a number of pieces 
of cloth for $225,-which he sold again at $16 by the 
piece, and gained by the bargain as much as one piece 
cost him. What was the number of pieces ? 

Ans. 15. 

Prob. 28. A merchant bought a number of pieces 

of cloth for a dollars, which he sold again at m dollars 

by the piece, and gained by the bargain as much as 

one piece cost him. What was the numb er of piece s ? 

adz V4am+a^ 



Ans. 



2m 



(224.) EQUATIONS OP THE SECOND DEGREE WITH 
SEVERAL UNKNOWN QUANTITIES. 

JEas. 1. Given x+y _29 

24 _y^ 
X ~23' 



to find the values of x 
and y. 



Ans. x=z46f y =12. 
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JSc 2. GiTOtt 14i?— 122jr*=l00,> to find the val- 
X = 3y, > nes of a? and y. 

J.n«. x= ±15, y= ±5. 
JEb. 3. Ctiren x*+xy=a,> to find the values of x 



andy. 



Ans, x= 



.Ec6. 

^a?. 7. 




to find the val- 
ues of a; and y. 

^TW. a?=±3,y=±6. 
Given (x-2)(y-3)= 1,1 ^^ ^^ ^j^^ ^j^^3 

? =1> I of aj and y. 

y— 3 J 

Ans. x=l or 3, y=2 or 4. 

Given e =^1 to find the values of x 

^^ I andy. 

aj-y=:ll,J 

Ans. a=15 or —4, y=4 or —15. 

Given a?y+a?=234,) to find the values of 

xtf—y^ 204^ > re and y, 

^/w. a;=18, y=12. 

Given 1.13 

to find the values of x 

and y. 



a;"*"y"20* 



20 
rcy 



1 
=9' 



^+y^^65 1 
^^y^-ie'^*"" 
y =63,J 



Given a^+^_65 
a?. 
xy 



Ans. x=12 J y =15. 

find the values of x 
and y. 

J.7W. aj=9, y=7. 
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Ex. 10. Given (7i»)H3y*=223,> to find the values 

(3y)2-7«2= 63, > of^andy. 

^n5. a?=2, y=3. 

Ex. 11. Given 10i»+3y 1 . ^ , .._ 

— — — ^=33^, I to find the values 

iy-bx =10,1 «f««^dy- 
-4ns. aj=3, y=5. 
Ex. 12. Given 6ar^ +ajy — 3jr^ = 12, ) to find the val- 
5a?— 2y = 8, > ues of x and y. 

Ana. x=4,y=6. 
Ec. 13. Given 2aJ+3y = 66,) to find the values 
5a?-72r^=117,> of a; and y. 
Ans. x=15, y=12. 
^..14 Given 18.^1^ jto find the val- 

Ans. a;=10, y=15. 
Ex. 15. Givenfl;+y=6, > to find the values 

4a)y ' = 96— rc^^, > of re and y. 
Ans. x=4i or 2, y=2 or 4. 

jEfc. 16. Given 2x+iy =47, ) to find the 

3y^+4a;=28y+83,> values of x 

andy. An8.x=l,y=ll. 

Ex. 17. Given 2x+5y ^ -^ 
_g_=3y-10, 

4a;+7y 



24 



=y-2. 



to find the val- 
ues of x and ^. 



Ans. a;=5, y=4. 



Ex. 18. Given 5a;2-2a;y-6y^=258,) to find the 
9a; — lly = 31, > values of a: 
and y. Ans* a; = 12, y = 7- 



1 _^ _ 

-^ — ='i-t ^ :z:«i tae Tilofls of 

-i-i - . I-.'-s. r^— r =ri * im ^»i tae Yalnes of 
^1^ r=4 cr 2. jr=2 or 4. 
'2rJl, 7*1. Hr..TBf zr^c'isir i;^rAT?:3g or the sbo- 

-""• . — TTitT* BH Twz TTrTT':wr^ v^Qse product is 
TTf, cl "Ui" rTLTTHng IT 3e ijoma Prided by the 



Am, 36 and 1& 
J^"* '. i Tiffff HR Twr ^TTTiT^iiPi^ £a die ntk> of 11 
^ 1 L mi£ :£iif smL ir «"Ttf?r auiaaa b 1-L210L What 

^u. 77 and 9L 
-T"^ • '- L Tje prrtBiis at ^ sna and £fEeienoe of 
m xinirtfrs 2$ I7t:w aaii 2e sos Gt the mnnbeis is 
11 zif2r ::iyr?gi!g «s II s> -4. TV^at are the nnm- 

Ams. 15 and 7. 

.5S i>- -L T^ie ic»:r ct ej cfiamher mntains 273 
sr-xur? :h« : -rne ot ;ze sl<5? tjIIs contains 189, and 
tie j»rai»!ri w^ -xctafss 117sqxiarefeeL Whataie 
tie i;£::r:i« br-aiti. and iet^ cimj diamher? 

Ai^ Lsi^mli 21 &^ fanaadth 13 leet, and 
bet£t:t9feA 
I^:*\ 5. Tbe Jec^th. breadth, and h^it of a lect- 
ar.^rilftr b^ock ct scocse are in the latio of the nnmbers 
^S^acdL The entire smfiioe of the stone amounts 
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to 15 square feet and 94 square inches. What are 
the length, breadth, and height of the stone ? 

Ans. Length 35 inches, breadth 21 inches, 
and height 7 inches. 
I^oh. 6. It is required to find three numbers such 
that the product of the first and second may be m; 
the product of the first and third be n; and the prod- 
uct of the second and third may be p. 

^ J} ^ n ^ 7n 
Prdb. 7. It is required to find two numbers whose 
product shall be 48, and the difierence of their squares 
28. Am. 6 and 8. 

Prch. 8. A grocer sold 16 pounds of mace and 20 
pounds of cassia for $24; but he sold 10 pounds 
more of cassia for $6, than he did of mace for $5. 
What was the price of a pound of each ? 

Ans. Mace one dollar, and cassia forty cents. 
Proh. 9. Two gentlemen, A and B, hired a pasture, 
into which A put two horses, and B as many as cost 
him $4 a week. Afterward B put in two additional 
horses, and found that he must pay $4.50 a week. 
At what rate was the pasture hired ? 

Ana. $6 a week. 
Proh. 10. It is required to find three numbers such 
that the product of the first and second may be 24, 
the product of the first and third 32, and the sum of 
the squares of the second and third 100. 

Ann* 4, 6, and 8. 
Proh. 11. Divide the number 74 into two such 
parts that the sum of their square, roots may be 12. 

An%. 49 and 25* 
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Prob. 12. What two numbers are those whose prod- 
uct is 80 ; and if the greater be increased by 4, and 
the less bj 3, the product of the two numbers thus ob- 
tained shall be 154? 

Ans. 10 and 8. 

Prob. 13. It is required to find three numbers 
which, multiplied together two and two, and each 
product divided by the third dumber, shall furnish 
the quotients a, 6, and o. 

Ans. V«ft, Vac, Vbc. 

Prob. 14. The sum of two numbers is 9, and the 
sum of their reciprocals is •^. What are the two num- 
bers ? An8. 6 and 3. 

I^rob. 15. Two cubical vessels have together a ca- 
pacity of 407 cubic inches ; and the sum of the heights 
of the two vessels is 11 inches. What is the capacity 
of each vessel? 

Ans. One contains '343 cubic inche3, and the 
other 64 cubic inches. 

jFVvft. 16. What number is that which, being di- 
vided by the product of its two digits, the quotient is 
3 ; and if 18 be added to it, the digits will be inverted ? 

Am. 24. 

Prob. 17. It is required to find two numbers such 
that their product may be equal to twice their sum; 
and the di^erence of their squares may be equal to 
three times the sum of the numbers. 

Ans. 3 and 6. 

Prob. 18. If I increase the numerator of a certain 
firaction by 1 and diminish its denominator by 1, 1 ob- 
tain the reciprocal of the same firaction ; but if I di- 
minish the numerator by 3, and increase the denom' 
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inator by 2, the value of the fraction becomes -j. 
What is the fraction ? 

Ans. |. • 

I^oh. 19. It is required to divide the number 112 
into three parts, such that the second may be double 
the first ; and the product of the first and second may 
be equal to 8 times the third. 

Am. 16, 32, and 64. 

Prob. 20. A certain number consists of two digits. 
If I invert the digits, and multiply the resulting num- 
ber by the former, I obtain 1300 for the product. But 
if I divide the second number by the first, I obtain 2 
for a quotient, with 2 for a remainder. What is the 
number ? ^^ 

^'^^- OF THE 

— ^ I »— -'"**^ 

THE END. 
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Tmi Gonrse of Mathematics by Professor Loomis bas now been for several 
years before the Public, and has received the general approbation of Teachers 
thronghont the country. The following are some of the institutions in which 
ibis Course has been introduced, either wholly or in part: Dartmouth College, 
N. H. ; WilUams College, MassL ; Amherst CoUege, Mass. ; Trinity College, 
Conn. ; Wesleyan University, Conn. ; Hamilton College, N. Y. ; Hobart Free 
CoUege, N. Y. ; New York University, N. Y. ; Dickinson College, Penn. ; Jef- 
ferson College, Penn. ; Alleghany College, Penn. ; Lafayette College, Penn. ; 
St James's College, Md. ; Emory and Henry College, Ya. ; Lynchburg College, 
Ya. ; Bethany CoUege, Ya. ; South Carolina, College, S. C. ; Alabama Univer* 
sity, Ala. ; La Orange College, Ala. ; Louisiana College, La. ; Transylvania Uni- 
versity, Ky. ; Cumberland College, Ky. ; Western Reserve College, Ohio ; Ma^ 
rietta College, Ohio ; Oberlin College, Ohio ; Antioch College, Ohio ; Asbury 
University, Ind. ; Wabash College, Ind. ; lUinois College, HI. ; Shuxtleflf Col- 
lege, IlL ; McEendree College, IlL ; Enoz College, HI. ; Missouri University, 
Mo. ; University of Michigan, Mich. ; Beloit College, Wisconsin; Iowa Univer- 
sity, Iowa. 

Professor Loomis' s text-books are distinguished by simplicity, neatness, and 
accuracy; and are remarkably well adapted for recitation in schools and col- 
leges. I am satisfied no books in use, either in America or England, are so well 
adapted to the circumstances and wants of American teachers and pupils. — ^W. 
C. Labbabxb, laU Professor qf MathemaUea, IncUana Asbury University. 

Professor Loomis's text-books in Mathematics are models of neatness, preds- 
ion, and practical adaptation to the wants of students.— JfetAodtst Quarterly Re- 
view. 

These books are terse in style, clear in method, easy of comprehension, and 
perfectly free from that useless verbiage with which it is too much the fashion 
to load school-books under pretense of explanation. — ScotCs WeeUy Faper, Can^ 
ado. 

9 

A Treatise on Arithmetic. 

Theoretical and Bractical. 12mo, 352 pages, Sheep extra, 75 
cents. 

This volume explains, in a simple and philosophical manner, the theory of 
all the ordinary operations of Arithmetic, and illustrates them by examples suifi. 
ciently numerous to impress them indelibly upon the mind of the pupil. It is 
designed for the use of advanced students in our public schools, and fUmishes 
a complete preparation for the study of Algebra, as well as for the practical du. 
ties of the counting-house. 

The answers to about one third of the questions are ^ven in the body of the 
work ; but, in order to lead the student to rely upon his own judgment, the an- 
swers to the remaining questions are purposely omitted. For tbe convenience, 
however, of such teachers as may desire it, there is published a small edition 
containing all the answers to the questions. 

As an introduction to the author's incomparable series of mathematical works, 
and displaying, as it does, like characteristic excellences, judicious arrangement, 
simplicity in the statement, and clearness and directness in the elucidation of 
principles, this work can not fail of a like flattering reception from the public. 
— O. L. Cabtlb, Professor of Rhetoric, and Wabsxn Lxvebett, A.M., Principal 
tfPrep. Dep't, ShtartUff College, llUnois, 

We have used Loomis's Arithmetic in this Institute since its publication, and 
I can truly say that, in arrangeihent, accuracy, and logical expression it is the 
tost treatiBe on the subject with which I am aequainted. It has stood the test 
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of the doM-room, «ad I am well pl««nd with the re8nlfa[k~N. B. Wvumm, 
lYemdetU qf Virginia CoOegiaU IntOuU (Fortanonth). 

Profeeior Loomis has glren ns a work on Arithmetic wUch, for preeieion in 
language, oomprebenaiTeneaB of definitions, and suitable explanation, has no 
eqoal before the pnbUc— P. £. 'Wxij>bb, Greenfield (lU.) Maie and FevntOe Sem- 
inary, 

I hare adopted Professor Loomia^s Arithmetic (as well as hia entire Mathemat- 
ical Series) as a tezt>book in this institution. The rules in this Arithmetic are 
demonstrated with that nnnsnal cleuness and brerity which so pre-eminentlj 
distinguish Professor Loomis as a mathematical auUior. — J. M. Fsbbsb, A.M., 
J'rqfeaeor qf Matbematiea, DicHmon Seminary (Pa.). 

In general arrmngement and adaptation to the wants of our sehools, I have 
nerer seen anything equal to Professor Loomis*s Arithmetic. — Dakik. MoBbidi^ 
BeU^onU (Pa.) Academy, 

We have taken some pains to examine Professor Loomis's Arithmetic, and find 
it has claims which are peculiar and pre-eminent The principles are developed 
In their natural order; every rule is plainly, though briefly demonstrated, and 
the pupil is taught to express his ideas clearly and precisely. — Western lAUrary 
Meeaenger, 

This work Is calculated to make scholars thoroughly acquainted with the sel- 
enoe of arithmetic. It is certainly superior to any we have ever seen.— J^ou»a> 
viXU Cwarier, 

The deamess and dmplicity of Professor Loomis's Arithmetic are in charm- 
ing contrast with our own reminiscences of similar compilations in our school 
days, whereof the main and mistaken object was to baffle a child's comprehen- 
^<m,—The Albion, 



Elements of Algebra. 

Designed for the Use of Beginners. Twelfth Edition. 12m<>, 

281 pages, Sheep extra, 62^ cents. 

This volume is intended for the use of students who have just completed th« 
study of Arithmetic. It is believed that it will be found sufficiently dear and 
simple to be adapted to the wants of a Uutfe elus of students in our common 
■choolSL It explains the method of solving equations of the first degree, with 
one, two, or more unknown quantities ; the principles of involution and of evolu- 
tion ; the solution of equations of the second degree ; the principles of ratio and 
proportion, with arithmetical and geometrical progression. Eveiy principle is 
illustrated by a copious collection of examples ; and two hundred misoellaneoua 
problems will be found at the close of the book. 

I have used Loomis* s Elements of Algebra in my school for several years, and 
have found it fitted in a high degree to give the pupil a clear and comprehen- 
sive krowledge of the elements of the science. I believe teachers of Academies 
and High Schools will find it all that they can desire as a text-book on this 
branch of Mathematics. — Professor Alohzo Gray, Brooklyn Heighta Seminary. 

I am so much pleased with Loomis^s Elements of Algebra that I have intro- 
duced it as a text-book in the Institution under my care. — Bev. Gobham D. Ab- 
BoxT, Spingler InetUtUe, K Y, 

Loomis^s Elements of Algebra is worthy of adoption in our Academies, and 
will be found to be an excellent text-book. The definitions and rules are ex- 
pressed in simple and accurate language ; the collection of examples sul^oined to 
each rule is sufficientiy copious; and as a book for beginners it is admirably 
adapted to make the learner thoroughly acquainted with the first principles of 
this important branch of science.— D. Maoavlat, Principal of the Polyteclmia 
School, New Orleans, 

Loomis*s Algebras form an excellent pn^ressive course for the young student. 
The ** Elements'* could be put with advantage into the hands of every child who 
has mastered the principles of Arithmetic, and is admirably adapted for the use 
of common schools. The explanations of the author are extremely lucid and 
comprehensive. — N, Y. Okaerver, 

I have carefully examined Loomis^s Elements of Algebra, and cheerfhUy rec- 
ommend it on account of its superior arrangement and clear and full explana- 
tions.— Solomow JmnixB, Prineipalofir, Y, Commercial School 

Loomis's Elements of Algebra is prepared with the care and judgment that 
characterize all the elementary works published by the same author. — Methodiet 
Quairterly Review. 
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A Treatise on Algebra. 

Eighteenth Edition. 8vo, 359 pages, Sheep extra, $1 00. 

This treatise is designed to contain as much of algebra as can be profitably 
read in the time allotted to this study in most of our colleges, and those sub- 
jects have been selected which are most important in a course of mathematical 
Bti^dy. Particular pains have been taken to cultivate in the mind of the student 
a habit of generalization, and to lead him to reduce every principle to its most 
general form. It is believed that, in respect of difQculty, this treatise need not 
discourage any youth of fifteen years of age who possesses average abilities, while 
it is designed to form close habits of reasoning, and cultivate a truly philosoph- 
ical spirit in more mature minds. In accordance with the expressed wish of 
many teachers, a classified collection of two hundred and fifty problems is ap- 
pended to the last edition of this work. 

Professor Loomis has here aimed at exhibiting the first principles of Algebra 
in a form which, while level with the capacity of ohiinary students and the 
present state of the science, is fitted to elicit that degree of effort which educa- 
tional purposes require. Throughout the work, whenever it can be done with 
advantage, the practice is followed of generalizing particular examples, or of 
.extending a question proposed relative to a parUcidar quantity, to the claas of 
quantities to which it belongs, a practice of obvious utility, as accustoming the 
student to pass from the particular to the general, and as fitted to impress a main 
distinction between the literal and numerical calculus. The general doctrine of 
Equations is expounded with clearness and independence. The author has de- 
veloped this subject in an order of his own. We venture to say that there will 
be but one opinion respecting the general character of the exposition— ^ilfneri- 
can Journal of Science and Arts. 

Professor Loomis*s Algebra is peculiarly well adapted to the wants of students 
in academies and colleges. The materials are well selected and well arranged; 
the rules and principles are stated with clearness and precision, and accompanied 
with satisfactory proofs, illustrations, and examples. — ^A. D. Stakubt, late Pro- 
fessor of MaXhemadca in Yale College, 

I have carefully examined the work of Professor Loomis on Algebra, and am 
much pleased with it The arrangement is sufficiently scientific, yet the order 
of the topics Is obviously, and, I think, judiciously, made with reference to the 
development of the powers of the pupil. The most rigorous modes of reasoning 
are designedly avoided In the earlier portions of the work, and deferred till the 
student is better fitted to appreciate them. All the principles are, however, es- 
tablished with sufficient rigor to give satisfaction. On the whole, therefore, I 
think this work better suited for the purposes of a text-book than any other I 
have seen. — Avousths W. Smith, LL.D., President of WesUyan University. 

Prof. Loomis's work is well calculated to impart a clear and correct knowledge 
of the principles of Algebra. The rules are concise, yet sufficiently comprehen- 
sive, containing in few words all that is necessary, and nothing more; the ab- 
sence of which quality mars many a scientific treatise. The collection of prob- 
lems is peculiarly rich, adapted to impress the most important principles upon 
the youthful mind, and the student is led gradually and intelligently into the 
more interesting and higher departments of the science.— John Bbooeuesbt, 
A.M., Prcfessor of MathemaUcs and Natural Philosophy in Trinity College. 

I am much pleased with Prof. Loomis' s Algebra. The arrangement of the 
subject is, I think, an admirable one. The best proof I can give of the estima- 
tion in which I hold it is, that I have taught it to several successive classes in 
this College. — John Tatlook, A.M., Professor of Mathematica in WiUiami 
CoUege. 

Pnof. Loomis's work on Algebra is exceedingly well adapted for the purposes 
of instruction. He has avoided the difficulties which result from too great con- 
ciseness, and aiming at the utmost rigor of demonstration ; and, at the same 
time, has furnished in his book a good and sufficient pftparation for the subse- 
quent parts of the mathematical course. I do not know of a treatise which, all 
thingti considered, keeps both these objects so steadily in view. —I. Wabd Ah- 
DSBwa, Professor of Mathematics and Natural Philosophy in Marietta College. 

I regard- Prof. Loomis's Algebra as altogether worthy of the high reputation 
its author deservedly enjoys. It possesses those qualities which are chiefly 
requisite in a college text-book. Its statements are clear and definite ; the more 
important principles are made so prominent as to arrest the pupil's attention; 
and it conducts the pupil by a sure and easy path to those habits of geMtaUzO' 
ti0n which the teacher of Algebra has so much difficulty in imparting to his po' 
pilfc-vJuMAN M. Stubisvant, LL.D., Presidmi of IlUnois College. 



4 LOOmS'B SCHOOL AND COLLEGE TBXT.BOOK& 

Elements of Qeometry and Conlo Sections. 

Fifteenth Edition. 6vo, 234 pages, Sheep extra, 75 cents. 

The arrangement of the propositions in this treatise is generally the same ai 
in Legendre's Oeometry, but the form of the demonstraaons is reduced more 
neaiir to the model of Euclid. The propositions are all enanciated in general 
terms, with the utmost brevity which is consistent with clearness. The short 
treatise on Conic Sections appended to this ^wlume is designed parttcnlaiiy for 
those who hare not time or inclination for the study of analytical geometry. 
The last edition of this work contains a collection of theorems without demons 
strattona, and problems without solutiona, for the exercise of the pupil. 

Prof. Loomls*B Geometry is characterized by the same neatness and elegance 
which were exhibited in his Algebra. While the logical form of argumentation 
peculiar to Playfair's Euclid is preserred, more completeness and symmetry is 
secured by additions in solid and spherical geometry, and by a diflferent arrange- 
ment of the propositions. It will be a favorite with those who admire the chsiste 
forms of argumentation of the old school ; and it is a question whether these are 
not the best for the purposes of mental discipline.— ilTortA^m Christian AdvoeeUe. 

I consider Loomis's Geometry and Trigonometry the best works that I have 
ever seen on any branch of elementai-y mathematics. — James B. Dodi>, A.1L, 
Jprofetaor cf Mathematiea, Transylvania University. 

Having used Loomis's Elements of Geometry for several years, carefully ex- 
amined it, and compared it with Euclid and Legendre, I have found H preferable 
to either. Teachers will find the work an excellent text-book, suited to give a 
clear view of the beautiful science of which it treats. — Alomzo GBATt A.M., 
Principal of Brooklyn Heights Seminarp, 

Prof Loomis has made many improvements in Legendre's Geometry, retain- 
ing all the merits of that author without the defects. I have adopted his woik 
as a text-book in this college. — Tbomas £. Suduee, A.M., Professor q/ MoUhsm 
maHes in Dickinson College. 

Every page of this book bears marks of careful preparatinn. Only thoea 
propositions are selected which are most Important in themselves, or which arc 
indlspenflable in the demonstration of others. The propositions are all enunci- 
ated with studied precision and brevity. The demonstrations are complete with-' 
out being encumbered with verbiage ; and, unlike many works we could men- 
tion, the diagrams are good representations of the objects intended. We believe 
this book will take its place among the best elementary works which our country 
has produced.-~Amerioan Review. 

The enunciations in Prof. Loomis's Geometry are concise and dear, and the 
processes neither too brief nor too diffuse. The part treating of solid geometry 
(s undoubtedly superior, in clearness and arrangement, to any other elementary 
treatise among us.— A'eto York JSvangeUst. 

Trigonometry and Tables. 

Thirteenth Edition. 8vo, 860 pages. Sheep extra, $1 50. The 
Trigonometry and Tables bound separatelj. The Trigonometrj- 
$100; Tables, $100. 

This work contains an exposition of the nature and properties of logarithms; 
the principles of plane trigonometry; the mensuration of surfaces and solids; 
the principles of land surveying, with a fhll description of the instruments em< 
ployed ; the elements of navigation, and of spherical trigonometry. The tables 
furnish the logarithms of numbers to 10,000, with the proportional parts for a 
ifth figure in the natural number; logarithmic sines and tangents for every ten 
seconds of the quadrant, with the proportional parts to single seconds ; natural 
sines and tangents foi^very minute of the quadrant; a traverse table; a table 
of meridional parts, &c. The last edition of this work contains a collection of 
one hundred miscellaneous problems at the close of the volume. 

In this work, the principles of Trigonometry and its applications are diacusa. 
ed with the same clearness that characterizes the previous volumes. The por- 
lion appropriated to Mensuration, Surveying, Ac, will especially commend it- 
self to teachers, by the Judgment exhibited in the extent to which they are car- 
ried, and the practically useful character of the matter introduced. What I 
have particularly admired in this, as weU as the previous volumes, is the con- 
stant recognition of the difficulties, present and prospective, which are Ukely to 
embanass the learnw, and the skill and tact with which they are removed. 
The Logarithmic Tables will be found ansurpaaMd in practical eonvwiieiMa by 



LOOMIffS SCHOOL AND COLLEGE TEXT-BOOKa 5 

•ny others of the same extent— Augvbtus W. Smitb, LL.D., Prmtdentofth/6 
Wealeyan Univeraity. ^ 

Loomi8*s Trigonometry is safficiently eztensiye for collegiate purposes, and is 
erery where clear and simple in its statements without being redundant The 
learner will here find what he really needs without being distracted by what is 
superfluous or irrelevant — A. Caswkli^ D.D., Profes^tr (n/ MathenuUica and 
natural Philoaophy in Brown University. 

Loomis's Tables are vastly better than those in common use. The extension 
of the sines antl tangents to ten seconds is a great improvement The tables of 
natural sines are indispensable to a good understanding of Trigonometry, and 
the natural tangents are exceedingly convenient in analytical geometry. — I. 
Wasd Akbbxws, A.M., Pntfeaaor cf Mathematics and Natural JNiUoaophy in 
Marietta College. 

Loomis's Trigonometry and Tables are a great acquidtion to mathematical 
schopls. I know of no work in which the principles of Trigonometry are so well 
condensed and so admirably adapted to the course of instruction in the mathe- 
matical schools of our country. — ^Thomas E. Sitblxb, A.M., Prqfessar qf Mathe' 
mattes in Dickinson College. 

I am so much pleased with Prof. Loomis's Trigonometnr that I have adopted 
It as a text-book in this college.— John Bbooslxsbt, A.m., Professor of Maths- 
mattes in Trinity College. 

■ Loomis's Trigonometry is well adapted to give the student that distinct 
knowledge of the principles of the science so important in the further prosecu- 
tion of the study of mtithematlcs. The description and representation of the 
instruments used in surveying, leveling, &c, are sufficient to prepare the student 
to make a practical application of the principles he has learned. The Tabler 
are just thethUig for college students. — John Tatlock, A.M., Professor of 
Mathematics in WiUiams College. 



Elements of Analytical Creometry, 

and of the Differential and Integral Calculus. Eleventh Edition. 
Syo, 278 pages, Sheep extra, $1 50. 

The first part of this volume treats of the application of algebra to geometry, 
the construction of equations, the properties of a straight line, a circle, parabola, 
ellipse, and hyperbola ; the classification of algebraic curves, and the more im- 
portant transcendental curves. The second part treats of the differentiation of 
algebraic functions, of Maclaurin*s and Taylor's Theorems, of maxima and min- 
ima, trancendental functions, theory of curves, and. evolutes. The third part 
exhibits the method of obtaining the integrals of a great variety of differentials, 
and their application to the rectification and quadrature o^nrves, and the cu- 
bature of solids. All the principles are illustrated by an elusive collection of 
examples, and a classified collection of a hundred and fifty problems will be 
found at the close of the volume. The work was prepared to meet the wants of 
the mass of college students of average abilities. 

Analytical Geometry is treated, amply enough for elementary instruction, in 
the short compass of 112 pages, so that nothing may be omitted, and the stu- 
dent can master his text-book as a whole. The Calculus is treated in like man- 
ner in 167 pages, and the opening ehapter makes the nature of the art as clear 
as it can possibly be made. We recommend this work, without reserve or lim- 
itation, as the best text>book on the subject we have yet ntea.—Methodiet. Qt(ar> . 
terly Review. 

Loomis's Anal^cal Geometry and Calculus is the best work on that subject 
for a college course and mathematical schools. It contains all the important 
prindples and doctrines of the calculus, simplified and illustrated by well select- 
ed problems.— Thomas E. Sudlbb, A.M., Professor of Mathematics in IHekinaon 
College. 

LoomiflTs Calculus is better adapted to the capacities of young men than any 
book heretofore published on this subject— A. P. Hooke, Prqfessor of Mathe- 
matics in Bethany CoUege, 

I have examined Loomis's Analytical Geometry and Calculus with great satis- 
faction, and shall make it an indispensable part of our scientific course. — Jajom 
B. DoDD, A.M., Professor of Mathematies in Transylvania University. 

I am well pleased with Loomis's Analytical Geometry and Calculus, as it 
brings the subjects within the powers of the minority of our students, a thing 
certainly that very few authors on the Calculus try to do.— Jaioa CuBurr, Pro* 
fesaor of Mathematics in Qeorgetofien College. 

No similar work is at the same time so oondse and yet so oomprehensive ; s* 
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well adapted for a oollrge class, wherein every part can be taught in fhe time 
preiicribeiUbr this department.— L Towiab, Pro/eMoro/MathemaUe$inHobari 
Free CoU^ 



Introdnotion to Practical Astronomy. 

With a Collection of Astronomical Tables. 8yo, 497 pages, Sheep 
extn, $1 50. 

This work ftonfflhes a deeeriptioQ of the Instrnments required in the outfit of 
an obsenratory, as also the methods of employing them, and the compnftationB 
growing out of their use. It treats particularly of the Transit Instrument and 
of Graduated Circles; of the method of determining time, latitude, and longi- 
tude ; with the computation of eclipses and occultations. The work is designed 
for the use of amateur obeenrers, practical surveyors, and engineers, as well as 
students who are engaged in a course of training in our coUegesi The tables 
which accompany this volume are such as have been found most useful in as- 
tronomical computations, and to them has been added a catalogue of 1500 stars, 
with the constants required for reducing the mean to the apparent places. 

Lettera commendatory of this work have been received ftova. G. B. Airy, As- 
tronomer Royal of England; from William Whewell, D.D., Master ef Trinity 
College, Cambridge, England ; from Professor J. Challis, Plumian Professor of 
Astronomy in the University of Cambridge, England ; from J. C. Adams, late 
President of tba Royal Astronomical Society ; from Augustus De Morgan, Pro- 
fessor of Mathematics in University College, London ; from M. J. Jolmson, Di- 
rector of the RadclifliB Observatory, Oxford, England; from William Lassell, 
Astronomer of Liverpool, England; firom C. Piazsi Smyth, Astronomer Royal 
for Scotland ; f^om the Earl of Rosse^ Ireland; from Edward J. Cooper, of Mark- 
ree Castle Observatory, Ireland ; and from numerous aati-onomers from every 
part of the United States. 

Professor Loomis's work on Practical Astronomy is likelv to be extensively uae- 
fiil, as containing the most recent information on the subject, and giving the in- 
formation in such a manner as to make it accessible to a large class of readers. 
I am of opinion that Practical Astronomy is a good edueational subject even for 
those who may never take observations, and that a work like this of Professor 
Loomis should be a text-book in every university. The want of such a work 
has long been felt here, and if my astronomical duties had permitted, I should 
have made an attempt to supply it It is remarkable that in England, where 
Practical Astrono^ is so much attended to, no book has been written which is 
at all adapted to making a learner acquainted with the recent improvements 
and actual state of the science.— ^ambs Chaxjub, Plumian Pn^ewurqf Atirono- 
myinthe Unioenity of Cambridge, England. 

Professor Loomis*8 volume on Practical Astronomy is by far the best work of 
the kind at present existing in the English language. — J. P. Niohol, L.L.D, 
Prc/esaor of IVactfoat Astronomy in the Univerwty of Gtaagote, SeoUand. 

The science of the age was most assuredly in want of a work on Practical As- 
tronomy, and I am delighted to find that want now supplied firom America, and 
from the pen of Professor Loomis. I propose to make this volume a text-book 
for my class of Practical Astronomy in the University of Edinburgh.— C Fuazi 
Sktth, Astronomer Boyalfor ScoOand, 

No work since that of Professor Woodhouse places the reader so directly in 
communication with the interior of the Observatory 9M the work on Practical 
Astronomy by Professor Loomis ; and he has supplied a want which young as- 
tronomers, actually wishing to observe, must have felt for a long time. It is 
more than possible that this work may establish itself as a text-book In England. 
— AvousTua Db Moboah, Prufeaaor €(f MathemaUca in University Oollege^ Lon- 
don. 

Your work on Practical Astronomy is a capital book. I congratulate you 
heartily ; for, besides making a good book, you have the merit of having made 
just such a book as the astronomical mind of the country is beginning to feel 
the want of.— M. F. Maubt, LL.D., Superintendent of the Jfdtional Ohseroatisry. 

Thi»-work is very lucidly drawn up, and a due regard to practical utility is 
visible in every page — Monthly Notices qf the Royal Astronomical Society (^ 
Jjondon. 
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